SEMISIMPLE GROUP (AND LOOP) ALGEBRAS OVER 

FINITE FIELDS* 



RAUL A. FERRAZ, EDGAR G. GOODAIRE, AND CESAR POLCINO MILIES 

Abstract. We determine the structure of the semisimple group algebra 
of certain groups over the rationals and over those finite fields that pro- 
duce the fewest number of simple components. We use this information 
to obtain similar information about the loop algebras of indecomposable 
RA loops and observe that the isomorphism problem has the same neg- 
ative answer for alternative loop algebras over all fields of characteristic 
not 2. 



1. Introduction 

This work was initially motivated by connections with coding theory. 
Historically, the first class of codes that became prominent were linear in 
the sense that the code words form a subspace of a finite dimensional vector 
space over a finite field. An important subclass of linear codes are cyclic, 
that is, whenever a = (ao, a%, . . . , a n _i) is a code word, so is the cyclic shift 
a' = (a n _i, «0; ai ... , a n _2)- If one identifies a with the element YH=^ a i a% 
of the group algebra KG of the cyclic group G? = (a) of order n over the 
field K, then a cyclic code is precisely an ideal of KG, the cyclic shift 
a i— > a' corresponding to multiplication by a in the group algebra. Thus, 
cyclic codes can be studied entirely in the language of group algebras, an 
observation that gave birth to the idea of a group code, which is simply an 
ideal in a group algebra. Since any ideal of a semisimple finite dimensional 
group algebra is generated by an idempotent, that is, it has the form {KG)e 
for some e = e 2 , and since all idempotents are sums of idempotents that 
generate the simple components of KG in the Wedderburn decomposition, 
it becomes important to find these simple components. 
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In several cases that have been studied to date, the minimal number of 
simple components in the Wedderburn decomposition of KG, with K a finite 
field, was equal to the number of simple components in the decomposition 
of the rational group algebra QG so that the principal idempotents can be 
computed easily, from the subgroup structure of G. Since the groups that 
appear in this paper are 2-groups, the number of simple components in the 
decomposition of KG is almost never the same as the corresponding number 
for QG (the former number is usually greater) [FM071 Corollary 2], so the 
obvious question becomes just what the minimal number is. One would 
expect this to depend on the field, and it does. 

In a final section of this paper, we apply our work to alternative loop 
algebras. Some details of the structure of the rational loop algebras of 
indecomposable RA loops are rediscovered and extended. Specifically, we 
consider the semisimple structure of KL with K a finite field that produces 
the minimal number of simple components. As an unexpected consequence 
of our work, we exhibit a negative answer to the isomorphism problem for 
loop algebras over finite fields. 

The groups G of interest in this paper are such that G/Z{G) = C2 x C2, 
where 2(G) denotes the centre of G. These groups first arose in work of the 
second author |Goo83| who was studying Moufang loops whose loop rings 
are alternative. Since then, they have appeared in many other contexts 
related to involutions. They appear in work concerned with commutativity 
and anticommutativity of symmetric elements in group rings [GM, CJMM, 
JM05, JM06] and also regarding Lie properties of these elements [GMSl 
ILSS091IGMS09] . 

It can be shown that there are just five classes of such groups that are 
indecomposable. Moreover, any group with G/Z(G) = C2 x C2 is the di- 
rect product of an indecomposable group with an abelian group. Here is a 
description of these classes. 

£>i : (x, y, h I x 2 = y 2 = tf" = 1, m > 1) 
£>2 : (x, y, h\x 2 = y 2 = h,tl m = 1, m > 1) 

, . o 9 m l 9 m 2 9 \ 

V 3 : (x,y,t 1 ,t 2 \ x =t 1 = t 2 =l,y = t 2 ,m 1 ,m 2 >l) 

. 1 9 9 9 m l 9 m 2 \ 

T>4 : {x,y,ti,t 2 I x = h,y =t 2 ,t 1 = t 2 =l,m 1 ,m 2 >l) 
£> 5 : (x,y,t 1 ,t 2 ,t 3 I 

2.2. .2 m i .2 m 2 ,2 m 3 -1 \ 1 \ 

x =h,y =t 3 ,t 1 =t 2 =t 3 = l,m 1 ,m 2 ,m 2 > 1). 

Each group in any of these classes is a 2-group and, in each case, (x, y) = 
s = t| mi is a unique nontrivial commutator. The centre of a group in 
any class is the direct product of the cyclic subgroups generated by those 
of h,t 2 ,t3 which appear. We refer the reader to Chapter V of [GJM96] for 
details. 
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2. The Number of Simple Components of KG 

Let G be a finite group of exponent e and let K be a field with char fT ^ |G| . 
Let £ denote a primitive eth root of 1. For each a £ G&l(K((), F), we 
have a(() = ( r for some positive integer r, so maps of the type g i— > g r 
corresponding to such cr define an action on G. Two conjugacy classes of G 
are said to be K -conjugate if they correspond under this action. This notion 
of if -conjugacy is an equivalence relation on the conjugacy classes of G and 
the corresponding equivalence classes are called K-classes. For x € G, we 
use the notation Ck(x) for the if-conjugate class of the conjugacy class of 
x. These classes are important because a theorem of Witt-Berman [CR88, 
Theorems 21.5 and 21.25], later proven by R. Ferraz entirely in group ring 
theoretical terms with no appeal to character theory [Fer04| . says that the 
number of simple components of the semisimple group algebra KG is the 
number of if-classes of G. 

The groups G that appear in this paper, from the classes T>i,...,T>5 
described in the previous section, all are generated by elements of orders a 
power of 2 and a central commutator subgroup G' = {1,-s} of order two. 
It follows that conjugacy classes are singletons {a} if a € 2(G) and of the 
form {w,sw} if w ^ 2(G). The Galois group Gal(Q(£),Q) is the group 
U = U(Z e ) of units of the integers mod e, so the Q-class corresponding to 
a central element a is the set {a, a 3 , a 5 , . . . , } of odd powers of a. Notice 
that this set is precisely the set of all generators of the cyclic subgroup 
(a) generated by a. Thus the number of Q-classes of the centre of G is 
the number of cyclic subgroups of 2(G). On the other hand, the Q-class 
containing a noncentral element w € G, that is, the Q-class of the conjugacy 
class {w, sw}, is 

Cq(w) = {w, w 3 ,w 5 , . . . , } U {sw, sw 3 , sw 5 , . . .}. 

Let q be a power of an odd prime and let K be the field of order q. 
The Galois group Gal(K (£), K ) is generated by the Frobenius automor- 
phism Q i— > Q q , so the iT-class corresponding to a central element a E G is 

2 3 

{a, a q ,a q ,a q , . . .} and the -ftT-class containing a noncentral element w is 

2 3 2 3 

Ck(w) = {w, w q ,w q ,w q , . . .} U {sw, sw q , sw q , sw q ,...}. 

Much of this paper is devoted to determining the number of Q- and K- 
classes of various groups. In this task, the following lemmas will be a big 
help. 

Lemma 2.1. For any integer r > 3 and any odd integer q, the maximal 
order of q (mod 2 r ) is 2 r ~ 2 . Any q = 3 (mod 8) has this maximal order. 

Proof. It is known that , the unit group of 7.2^ , is C% x C 2 r-2 and that any 
integer q = 5 (mod 2 r ) has maximal order 2 r ~ 2 jIR82l Proposition 4.2.2], so 
the import of this Lemma is that any q = 3 (mod 8) has this same order. 
First, we argue that q need only be 5 (mod 8) to have maximal order in 
U 2 r. To see this, let A = {5 2i+1 | 1 < 5 2i+1 < 2 r } be the set of generators 
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of (5) in U 2 r and let B = {q G Z | 1 < q < 2 r , q = 5 (mod 8)}. Since 
5 2i+i = 2b i^ = 5 ( mod g ^ we have A ^ B Now |^| = i(2 r - 2 ) = 2 r " 3 

because 5 has order 2 r_2 (mod 2 r ). On the other hand, there is a unique 
integer congruent to 5 (mod 8) in each of the intervals [1, 8), [8, 16), [16, 24), 
^ j 2 3( 2 r-3 _ ^ 2 r) so |£| = 2 r " 3 too. Thus A = B showing, indeed, that 
any q = 5 (mod 8) has order 2 r ~ 2 (mod 2 r ). In particular, any q = —3 
(mod 8) has this order modulo 2 r , and hence so does any q = 3 (mod 8) 
because because q 2 = (—q) 2 for £ > 1. □ 

Lemma 2.2. Lei G 6e an abelian group, let K be a field of odd order q and 
let a € G are generated by elements of order 2 r , r > 0. 

(i) If r = or 1, then Cft-(a) = Cq(o). 

(ii) If r = 2 and q = 1 (mod 4), i/ien Cq(o) splits into too K -classes. If 
r = 2 and q = 3 (mod 4), t/ien C(j(a) = C^(a). 

(hi) If r > 3, then Cq(o) splits into at least two K -classes, and exactly 
two when q = 3 (mod 8). 

Proof, (i) If r = 0, then a = 1 and the statement is trivial. If r = 1, then 
a k = a for all odd integers k, so Ck{o) = Cq(o) = {a}. 

(ii) Now assume that r = 2. Then Cq(o) = {a, a 3 }. If q = 1 (mod 4), 
then a q = a and (a 3 ) 9 = a 3 because a has order 4, so Ck{o) = {a} and 
C&-(a 3 ) = {a 3 }. Clearly Cq(o) splits into two iT-classes. On the other hand, 
if q = 3 (mod 4), then a 9 = a 3 and a q = a, so Cq(o) = C^(a). 

(hi) Assume r > 3. Then Cq(o) = {a, a 3 , . . . , a 2 ^ 1 } and Cr-(o) = 
{a, a 9 , . . . , a q }, where k is the smallest positive integer such that a q = a. 
Thus q k = 1 (mod 2 r ) with k minimal; that is, k = \(q)\ in Ll2 r - This 
implies k < 2 r ~ 2 by Lemma 12. 1} so A: < 2 r_1 and there exists an element 
a v G C Q (a)\C K (a). As before, we compute C K (a v ) = {a v ,a vq , . . . ,a vql ~ 1 }, 
where t is the smallest positive integer such that a vq = a" . Thus vq = v 
(mod 2 r ) and, since v is odd, q £ = 1 (mod 2 r ). So ^ = \ (q}\ = k. It follows 
that the if-class of a has size the order of q mod 2 r and that Cq(o) is the 
union of [Z/^ : ((?)] K-classes. 

When q = 3 (mod 8), g has maximal order 2 r_2 by Lemma [2. Ii Since U2 r 
has order 2 r_1 , Cq((z) splits into precisely two classes when q = 3 (mod 8) 
and otherwise, into more than two classes. □ 

Remark 2.3. Throughout this paper, we use F consistently to denote a finite 
held of an order q = 3 (mod 8) and use Lemma [2.21 to justify claims that for 
any hnite held K, the number of -KT-classes of a certain group — that is, the 
number of simple components in the Wedderburn decomposition of KG — is 
minimal when K = F. 

Since cyclic groups are very prominent in this work, it is useful to state 
as a proposition a fact that will be often needed in the sequel. This lemma 
allows us to give a short proof of a result that also appears in [PruOlj . 
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Proposition 2.4. Let A = (t) be a cyclic group of order 2 m and let K be 

any field of characteristic different from 2. Ifm = 1, there are two K -classes 
in A. If m > 1, the number of K-classes of A is m + 1 if K = Q and at 
least 2m — 1 if K is finite of odd order q. This minimal number is achieved 
if q = 3 (mod 8) . 

Proof. Clearly Cft-(l) = {1} for any K. If m = 1, then A = {l,t} and 
Cx{t) = {t} for any K because f = t for any odd v. Assume m > 1. If 
i is odd, then t % belongs to Cq(£), the Q-conjugate class of t = t 2 . If z is 
even, write i = 2 l °i\ with i\ odd. Then for any odd j, (t i y = tF a%1 ^ with 
i\j odd. Thus t l G Cq^ ). It follows that the Q-classes of A consist of the 
odd powers of t 2 \ i = 0, 1, 2 . . . , m, and here they are. 

Co =C Q (t) = {m 3 ,* 5 ,...,* 2 " 1 - 1 } 
c 1 =c Q (t 2 ) = {t 2 ,t 6 ,t 10 ,...,t 2 ( 2ra - 1 - 1 )} 
c 2 = c Q (t^ = {t\t^,t 20 ,...,t^ m - 2 -^} 

(2.1) = C Q (t 2i ) = {t 2 \t*-\t 2 ^\. . . ,^(2— 



Cm— 3 


= c Q (t 2m - 3 ) 


= {t 2ra - 3 . 


^2 m ~ 2 -3 f 2 m " 2 (5) ^2 m - 2 (7)| 


Cm— 2 


= c Q (t 2m - 2 ) 


= {t 2m - 2 . 


om — 2 o om — 2 om — 2 

,t 2 3 } = {t 2 ,st 2 } 


Cm— 1 


= c Q (t 2m - 1 ) 


= C(s) = 


{s}, where we have set s = t 2 




= c Q (t 2m ) = 


{!}• 





The last two Q-classes, C m „i = {s} and C m = {1}, are clearly K-classes for 
any field K and, if q = 3 (mod 8), the same holds for C m _2 (by Lemma \2~2\i 
because t 2 ™ has order 2 2 . On the other hand, Lemma 12.21 also says that 
if q = 3 (mod 8), all the other Q-classes split into precisely two K-classes, 
giving a total of 2(m — 2) + 3 = 2m — 1 K-classes in all. □ 

The next result will be useful in counting K-classes of non-central ele- 
ments. 

Lemma 2.5. Let x be an element ofG with x ^ Z{G) and H be the subgroup 
of G generated by Z(G) and x. Let K be any field with charK \ \G\. 
Then the number of K-classes corresponding to conjugacy classes of the type 
{ax, sax}, a € Z{G), is the number of K-classes of H/(s) less the number 
of K-classes of Z(G)/(s). 

Proof. Let tt denote the canonical projection H — > H/(s). The correspon- 
dence 7r: {ax, sax} i— > {ax} is one-to-one, so the number of K-classes of G 
corresponding to conjugacy classes of the type {ax, sax} is the number of 
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-ftT-classes of H/ (s) corresponding to elements of the type ax, and this is 
the total number of X-classes in H/(s) less the number in which x does not 
appear, which is precisely the number of if -classes of Z{G)/{s). □ 

3. Groups of type V\ 

Let 

/ i 9 m 9 9 / \ nm— 1 . 

G = \t, x, y | t = 1, x = y =l,t central, [x, y)=t = s) 

be a group of type T>\. As with all groups in this paper, it is important 
to note that G has a two-element commutator subgroup G' generated by a 
central element s of order 2 and so conjugacy classes of noncentral elements 
are of the form {w, sw}. The elements of G can be written uniquely in the 
form t l x s y e , i = 0, 1, 2, . . . , 2 m - 1, 5, e = 0, 1. Thus G has order 4(2 m ). 

When m = 1, G = £> 4 and KD 4 = K © K © K © K © M 2 (K) for any field 
K (of characteristic different from 2). 

When m = 2, G is 16r 2 6 in the Hall and Senior notation [HS64j , Z(G) = 
(t) = {1, t, t 2 , i 3 } and s = t 2 . As in Proposition l2.44 there are three Q-classes, 

C Q (1) = {1}, C Q (t) = {t,t 3 } and C Q (t 2 ) = {t 2 }. 

For any finite field K of odd order q, the first and third classes are also 
if-classes, while Cq(£) splits into two K-classes if q = 1 (mod 4) (but not 
otherwise). The conjugacy classes of the form {ax, sax}, a G 2(G) are 

{x, sx} = {x, t 2 x} and {tx, stx] = {tx, t 3 x}. 

Each of these is a -fC-class for any (odd) q. The situation is identical for 
conjugacy classes of the form {ay, say} and {axy,saxy}, a € Z(G). In all, 
we have 3 + 3(2) = 9 Q-classes and nine -ftT-classes if q = 3 (mod 8). For 
other q, it matters to us only that the number of X-classes is more than 9. 
Thus QG is the direct sum of nine simple algebras while KG is the sum of 
at least nine simple algebras, exactly nine when q = 3 (mod 8). 

In this paragraph, let K denote any field of characteristic different from 
2 and let G be a group from any of the classes X>i,... ,T>$. It is basic to 
an understanding of this paper that K is an algebra direct sum, KG = 
K[G/G'\ © A(G, G'), with K[G/G'\ a direct sum of fields (we call this the 
"commutative part" of KG) and A(G, G') an ideal which is the direct sum 
of quaternion algebras (we call A(G, G') the "noncommutative part" of KG) 
some of which might be rings of 2 x 2 matrices. (See, for example, [MS02, 
Proposition 3.6.7].) With G a group in T>\ and m = 2, G/G' = (t,x,y) = 
Ci x C2 x C2, an abelian group with eight cyclic subgroups and hence eight 
Q-classes. Each, being a singleton, is also a X-class. Thus K[G/G'] is the 
direct sum of eight copies of K, the commutative part of KG is the direct 
sum of eight copies of K, and KG is the direct sum of eight copies of K and 
at least one quaternion algebra, precisely one when K = Q or when K is a 
finite field of order q = 3 (mod 8). 
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Now assume that m > 3 (and G is a group in T>\) and remember that we 
always use F to denote a finite field of order q = 3 (mod 8). The centre of G 
is 2(G) = (t) = C 2 m, so Proposition I2.4l says that 2(G) contains N% = m+1 
Q-classes and M\ = 2m — 1 F-classes. 

In this and the remaining sections of this paper, we will consistently use 

N\,M\ to denote the number of Q- and F-classes, respectively, of 
the center of a group G, 

N 2 ,M 2 for the number of Q- and F-classes, respectively, that corre- 
spond to conjugacy classes of the sort {ax, sax}, a £ 2(G), 

Nz,M% for the number of Q- and F-classes, respectively, that corre- 
spond to conjugacy classes of the sort {ay, say}, a £ 2(G), 

N4, M4 for the number of Q- and -F-classes, respectively, that corre- 
spond to conjugacy classes of the sort {axy, saxy}, a € 2(G), 
and 

No, Mo for the number of Q-classes and F-classes, respectively, of 
G/G'. 

We also implicitly use the fact that the number of cyclic subgroups in a 
direct product of the sort C2 x H is twice the number of cyclic subgroups 
in H. 

Let H = (2(G), x) = (t,x). Then H/(s) = (t,x) ^ C 2 m-i x C 2 contains 
2m cyclic subgroups, so 2m Q-classes. Six of these correspond to cyclic 
subgroups generated by elements of order at most 4, so, using Lemma \2.2\ 
we see that six Q-classes are also F-classes while the remaining 2m — 6 Q- 
classes split into two F-classes. In all, there are 2(2m — 6) + 6 = 4m — 6 
F-classes in H/(s). Now 2(G)/ (s) = C 2 m-i contains m Q-classes, three 
of which correspond to subgroups generated by elements of order at most 
4. This implies 2(m — 3) + 3 = 2m — 3 F-classes. By Lemma |2.5| there 
are N 2 = 2m — m = m Q-classes corresponding to conjugacy classes of the 
form {ax, sax} — for brevity, we refer to these as conjugacy classes "involving 
x" — and M 2 = (4m — 6) — (2m — 3) = 2m — 3 F-classes involving x. The 
calculations and numbers for conjugacy classes involving y and involving xy 
are identical. In all, we obtain N = N\ + 3./V2 = (m + 1) + 3m = 4m + 1 
Q-classes and M = M x + 3M 2 = (2m - 1) + 3(2m - 3) = 8m - 10 F-classes. 

Since G/G' = C 2 m-i x C 2 x C 2 , for any field K of characteristic different 
from 2, K\G/G'\ can be regarded as the group algebra of a cyclic group of 
order 2 m_1 with coefficients in K[C 2 x C 2 ] = K®K®K@K. Applying this 
observation in the case that K = Q, Proposition 12 .41 tells us that QC 2 m-i has 
(m — 1) + 1 = m simple components, so Q[G/G'] has 4m simple components. 
Thus the commutative part of QG, which is Q[G/G'], is the direct sum of 
4m fields. Since there are just 4m + 1 simple components in all, QG has just 
one (necessarily quaternion) noncommutative component [G JM96 , Corollary 
VI.4.8]. 
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Similar reasoning shows that F[G/G'] is the direct sum of 4(2m — 3) = 
8m - 12 fields, so A(G, G') is the direct sum of (8m - 10) - (8m - 12) = 2 
quaternion algebras. 

Theorem 3.1. Let G be a group of type T>\, m > 2. Then QG is the direct 
sum of 4m fields and one quaternion algebra. Let K be a finite field of 
odd order q. Then the Wedderburn decomposition of KG contains at least 
8m — 10 simple components, the minimal number being achieved if q = 3 
(mod 8) in which case the decomposition of KG consists of 8m — 12 fields 
and two quaternion algebras, each necessarily a ring of 2 x 2 matrices. 

4. Groups of type T> 2 

Let 

„ / t 2 m -i 2 2 i / \ 2 m— 1 \ 

G = (x, y, t | i = 1, x = y = t,t central, (x, y) = s = t ) 

be a group of type T>2- Then G has order 4(2 m ). If m = 1, then G = Qs 
and, for any field K of characteristic not 2, KQ$ = K@K®K®K@H 
where H is a quaternion algebra over K. 

Let m = 2. (G is lQY2d in the Hall and Senior notation.) Since 2(G) = 
(t) = {l,i,i 2 ,i 3 } and s = t 2 as in the previous section, there are three Q- 
classes which are also iT-classes when K has order q = 3 (mod 8); otherwise 
there are four ivT-classes. Since x 3 = tx, x 5 = t 2 x = sx and x 7 = stx, there 
is just one Q-class involving x, {x,tx, sx, stx}, and this is also a -fT-class if 
K has order q = 3 (mod 8). Since y 2 = t too, the situation is identical for 
y. Since (xy) 2 = xyxy = sxxyy = st 2 = 1, {xy,sxy} and {txy,stxy} are 
-fT-classes for any field K. In all, we have 3 + 1 + 1 + 2 = 7 -ftT-classes with 
K = Q or a finite field of order q = 3 (mod 8). Here, G/G' = C2 x G4 has six 
cyclic subgroups and so six Q-classes. Since each corresponds to an element 
of order at most 4, each Q-class is a if-class when K has finite order ^ = 3 
(mod 8) — see Lemma l2.2i It follows that KG is the direct sum of six fields 
and one quaternion algebras whether K = Q or K has order q (mod 8). 
For other finite fields, there are more than seven simple components in the 
Wedderburn decomposition of KG. 

We now assume that m > 3 and denote by F a finite field of order q = 3 
(mod 8). The centre of G is cyclic of order 2 m , so there are N± = m + 1 
Q-classes and M\ = 2m — 1 i^-classes, by Proposition 12.41 

Let H = (Z(G),x) = (x), so H/(s) = G2™ has m + 1 Q-classes and 2m — 1 
-F-classes while Z(G)/{s) = G 2 m-i has m Q-classes and 2(m — 1) — 1 = 2m — 3 
-F-classes. By Lemma [2.2^ there is just 1 = m+1— m Q-class involving x — we 
consistently call this number N2 — and there are M2 = (2m— 1) — (2m— 3) = 2 
such F-classes. The numbers ^3,71^3, respectively, are the same for y. 

Let H = (Z(G),xy) and notice that (xy) 2 = sx 2 y 2 = st 2 so that (xy) n 
Z(G) ^ {1}. Nevertheless, it is not hard to see that H/(s) = C2™-i x 
G2, so this group has 2m Q-classes. Of these, six correspond to subgroups 
generated by elements of order at most 4 and hence which do not split, 
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while the other 2m — 6 Q-classes split into two i^-classes. With the help 
of Lemma 12.21 we see that there are 2 (2m — 6) + 6 = 4m — 6 F-classes in 
H/(s). As shown before, Z(G)/(s) has m Q-classes and 2m — 3 F-classes 
so, by Lemma |2,2( there are N4 = 2m — m = m Q-classes involving xy and 
M4 = (4m — 6) — (2m — 3) = 2m — 3 F-classes involving xy. In all, we have 
N = Ni + N 2 + N 3 + A 4 = (m + 1) + 1 + 1 + m = 2m + 3 Q-classes and 
M = Mi + M 2 + M 3 + M 4 = (2m - 1) + 2 + 2 + (2m - 3) = 4m F-classes. 

For groups of type T> 2 , G/G' = (x,y). As previously, we must be careful, 
noting that G/G' ^ (x) x (y) (because (x) n (y)). Nonetheless, it is not hard 
to see that G/G' = C 2 m x C 2 (for instance, G/G' = (x) x (y~ l x)). Thus, 
for any field K (of characteristic not 2), the group algebra K[G/G'] is the 
group algebra of C 2 m with coefficients in KC 2 = K@K. By Proposition [231 
QC 2 m is the direct sum of m + 1 fields, so Q[G/G'] is the direct sum of 
Ao = 2(m + 1) = 2m + 2 fields. Similarly, F[G/G'] is the direct sum 
of Mo = 2(2m — 1) = 4m — 2 fields. Since QG has just 2m + 3 simple 
components in all, while FG has 4m + 2, the following theorem summarizes 
the work of this section. 

Theorem 4.1. Let G be a group of type T> 2 with m > 3. Then QG is the 
direct sum of 2m + 2 fields and one quaternion algebra. Let K be a finite 
field of order q. Then KG has at least 4m + 2 components in its Wedderburn 
decomposition. If q = 3 (mod 8), this minimal number is achieved: In this 
case, KG is the direct sum of 4m — 2 fields and two quaternion algebras 
(each necessarily a ring of 2x2 matrices). 

5. Groups of type V 3 

The following easy lemma is useful in determining the number of cyclic 
subgroups of the centre of groups of type T> 3 which, remember, is precisely 
the number of Q-classes of the centre. 

Lemma 5.1. Let A = C 2 a x C 2 b be the direct product of cyclic groups of 
orders 2 a and 2 b and assume a > b > 1. Then the number of cyclic subgroups 
of A of order 2 k is 

• 3(2^) ifl<k<band 

• 2 b ifb<k<a. 

In all, A has N = 2 6 (3 + a — b) — 2 cyclic subgroups (and hence N Q-classes). 

Proof. We begin with the observation that an element (u, v) £ A satisfies 
(n, v) 2k = 1 if and only if v? k = v 2 * = 1 so, for 1 < k < b, such an element 
lies in a subgroup of A isomorphic to C 2 k x C 2 k. In number, there are 
nk = \C 2 k x C 2 k I = 2 2k such elements. Since also n^-i = 2 2<yk ~ 1 \ the number 
of elements of order 2 k in A is 2 2k -2 2 ( k ~V = 3(2 2 ( fc " 1 )). Since <f>(2 k ) = 2 k ~ 1 , 
the number of cyclic subgroups of order 2 k is 3(2 2 ( fc_1 ))/0(2 fe ) = 3(2 fc_1 ) as 
asserted. 

If b < k < a, an element (u, v) S A has order 2 k if and only if u has order 
2 k . Since there are 2 k ~ l elements of order 2 k in C 2 a, the number of elements 
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of this order in A is 2 k ~ l 2 b and the number of cyclic subgroups of this order 
is 2 k ' 1 2 b /(j)(2 k ) = 2 b . 

It follows that the total number of cyclic subgroups of A is 

1 + 3(1 + 2 + • • • + 2 b ~ l ) + 2 b (a -b) = 2 b (3 + a - b) - 2. □ 

In order to expedite many of the calculations in this paper, we record in 
Table [2] some specific instances of this lemma. In checking this table, note 
that Lemma 15.11 provides the number of Q-classes while Lemma 12.21 which 
tells us which of these split into (two) .F-classes and which do not, allows us 
to determine the number of -F-classes. Specifically, if there are a Q-classes, 
(3 of which correspond to cyclic groups generated by an element of order at 
most 4, then there are (3 + 2(a — (3) = 2a — (3 .F-classes. 

Now let 

G= {x,y,t 1 ,t 2 | t =t = l,x = l,y = t 2 , (x,y) = s = t 1 ) 

be a group from the class P3. 

We first consider four particular small cases. 

(i) If mi = m 2 = 1, then |G| = 16, Z(G) = C 2 x C 2 and s = t%. The centre 
has one element of order 1 and three elements of order 2, each defining 
a conjugacy class of size 1 and hence, for any field K (of characteristic 
different from 2), a if-class: N x = 4. Set H = (Z(G),x) = (h,t 2 ,x). Then 
H/(s) = C 2 xC 2 has four if-classes and (Z(G))/{s) = (t 2 ) ^ C 2 has two 
-fC-classes. Lemma 12.51 says there are N 2 = 4 — 2 = 2 classes involving x. 
Let H = (Z(G),y) = {t%,y). The group H/{s) = (y) = C4 has three cyclic 
subgroups, each generated by an element of order at most 4. So there are 
three Q-classes and, with a field of order q = 3 (mod 8), these are also 
-F-classes, by Lemma 12.21 By Lemma 12. 5| there is ./V3 = 3 — 2 = 1 Q- 
class involving y and one F-class: M3 = 1 too. Since (xy) 2 = sy 2 = st 2 , 
the situation with xy is as with y: = M4 = 1. In all, there are N = 
N x + N 2 + N 3 + N 4 = 4 + 2 + 1 + 1 = 8 Q-classes and eight F-classes in 
G. The Wedderburn decomposition of KG has eight simple components, 
whether K = Q or K = F. 

Now G/G' = (i2,z,y) = (x,y) since y 2 = t 2 , so G/G' = (x) x (y) = 
C 2 x C4, and we can view K [G/G'] as the group algebra of C4 with coefficients 
in KC 2 = K (BK, with K any field (of characteristic not 2). With m = 2 in 
Proposition 12.41 we see that KC/± is the direct sum of m + 1 = 2m — 1 = 3 
fields, so K [G/G'] is the direct sum of six fields. This being the commutative 
part of KG, it now follows that whether K = Q or F, KG is the direct sum 
of six fields and two quaternion algebras. 

(ii.a) Suppose mi = 2 and m 2 = 1. Then |G| = 32, Z{G) = C4 x C 2 and 
s = t\. Let K = Q or a finite field of order q = 3 (mod 8). Since Z(G) 
contains six cyclic subgroups, each generated by an element of order at most 
4, the centre of G contains N\ = 6 Q-classes, each of which is also a i^T-class. 
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With H = {2(G), x) = (h,t 2 ,x), we have H/(s) = (h,t 2 ,x) ^C 2 xC 2 x 
C 2 and 2(G) I (s) = (h,h) C 2 x C 2 . The groups H/(s) and 2(G)/ {s) have 
eight and four iT-classes respectively so, from Lemma \2.5\ we see that G has 
N 2 = 8 — i = 4 i^-classes involving x. If we take H = (2(G), y) = (ti, y), 
then H/(s) = C 2 x C4 has six cyclic subgroups while 2(G) / (s) = C 2 x C4 
has f our. All subgroups are generated by elements of order at most 4 and so 
correspond to Q-classes which do not split when K has order q = 3 (mod 8) . 
By Lemma 12.51 the number of -fT-classes containing y is N$ = 6 — 4 = 2. 
Similarly, there are N4 = 2 iT-classes containing xy, so the total number of 
K-classes is N = N t + N 2 + N 3 + iV 4 = 6 + 2 + 2 + 2 = 14. Thus, KG is the 
direct sum of 14 simple algebras. 

Since G/G = (h,x,y) ^C 2 xC 2 x C 4 , we have K[G/G'\ = (K®K®K® 
K)G±. Since KC^ is the direct sum of three fields, we see that K[G/G'] (the 
commutative part of KG) is the direct sum of Nq = 12 fields. We conclude 
that for K = Q or K = F, KG is the direct sum of Nq = 12 fields and 
N — Nq = 2 quaternion algebras. 



(ii.b) Suppose mi > 3 and m 2 = 1. Then 2(G) = C 2 m x x C 2 contains 
2(mi + 1) cyclic subgroups, six generated by elements of order at most 4, 
so the centre of G contains N\ = 2m\ + 2 Q-classes. Those generated by 
elements of order at most 4 are also F-classes while the remaining Q-classes 
each split into two -F-classes giving in all, M\ = 6 + 2(2m\ + 2 — 6) = 4t77i — 2 
F-classes. 

Set H = (2(G), x) = (h,t 2 ,x). Then H/(s) = (h^x) ^ C 2mi -i xC 2 x 
C 2 contains 4?77i cyclic subgroups twelve generated by elements of order at 
most 4. These are also F-classes while the remaining Am\ — 12 each split into 
two F-classes. So we have 4?77i Q-classes and 12 + 2(Am\ — 12) = 8mi — 12 
F-classes. The group 2(G) / (s) = C 2 m 1 -i x C 2 has 2t77i cyclic subgroups, 
six generated by elements of order at most 4, so these numbers imply 2m\ 
Q-classes and 6 + 2(2m\ — 6) = 4mi — 6 F-classes. By Lemma 12.51 there 
are N 2 = Ami — 2m\ = 2tt7i Q-classes involving x and M 2 = (8m± — 12) — 
(4mi — 6) = 4?77i — 6 F-classes. 

With H = (2(G), y) = (h,y), we have H/(s) ^ C 2mi -i x C A with 4[3 + 
(mi — 1) — 2] = 4mi — 2 cyclic subgroups (Lemma 15.11 or Table [2|), ten of 
which are generated by elements of order at most 4. This implies 4777i — 2 Q- 
classes and 10+2(4t77i -2-10) = 87771 - 14 F-classes. The group (2(G)) / (s) 
was considered above. We obtain ./V3 = (4t77i — 2) — 2777i = 2m\ — 2 Q-classes 
involving y and M3 = (87771 — 14) — (4t77i — 6) = 4?77i — 8 F-classes. Since 
(xy) 2 = st 2 , the number of Q-classes and F-classes involving xy are the same 
as for y. In all, we have N = ^+^+2^ = (2m 1 +2) + 2m 1 + 2(2m 1 -2) = 
8mi — 2 Q-classes and hence 87771 — 2 simple components in the Wedderburn 
decomposition of QG and M = M 1 + M 2 + 2M 3 = (4tt7i - 2) + (4tt7i - 6) + 
2(4tt7i — 8) = I67771 — 24 F-classes, hence I67771 — 24 simple components in 
the Wedderburn decomposition of FG. 
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Now G/G' = C 2 m l -i x C2 x C4 has 2(4mi — 2) = 8mi —4 cyclic subgroups, 
20 generated by elements of order at most 4, so the commutative part of 
QG is the direct sum of Nq = 8mi — 4 fields, while the commutative part 
of FG is the direct sum of Mq = 20 + 2(8mi - 4 - 20) = 16mi - 28 fields. 
It follows that QG is the direct sum of iVo = 8m 1 — 4 fields and iV — iVo = 
(8mi — 2) — (8mi — 4) = 2 quaternion algebras, while FG is the direct sum 
of M = 16mi - 28 fields and M - M = (16mi - 24) - (16mi - 28) = 4 
quaternion algebras. 

(iii.a) Suppose mi = 1 and m 2 = 2. Then \G\ = 32, 2(G) = C2 x C4 and 
s = ti. As in case (ii.a), there are N\ = 6 Q-classes in the centre and these 
are also F-classes. (F always denotes a finite field of order q = 3 (mod 8).) 
Set H = (Z(G),x) = (ti,t 2 ,x). Then H/(s) = (to~,x} ^ C 4 x C 2 ,so there 
are six Q-classes which are also F-classes. Since (Z(G)) / (s) = (t 2 ) = G4 
contains three, Lemma 12.51 gives N 2 = M 2 = 6 — 3 = 3 iT-classes involving 
x, whether K = Q or K = F. 

With H = (Z(G),y) = (t\,y), H/(s) = (y) = Cg contains four Q-classes, 
three of which are also F-classes, while one splits into two F-classes, giving 
2 + 3 = 5 F-classes. Since Z(G)/(s) = C4 contains three Q-classes which are 
also -F-classes, there is just N3 = 4 — 3 = 1 Q-class involving y but there are 
M3 = 5 — 3 = 2 .F-classes involving y. The calculations are the same for xy, 
so the total number of Q-classes of G is N = N 1 +N 2 +2N 3 = 6+3+2(1) = 11 
and the number of F-classes is M = M 1 + M 2 + 2M 3 = 6 + 3 + 2(2) = 13. 

Since G/G' = (x) x (y) ^ C 2 x C 8 , K[G/G'] (for any field K of char- 
acteristic different from 2) can be viewed as the group algebra of Cg with 
coefficients in KC 2 = Q © Q. Since QC% is the direct sum of four fields 
(Proposition I2.4| ). the commutative part of QG is the direct sum of iVo = 8 
fields, so QG is the direct sum of eight fields and iV — iVo = 3 quaternion al- 
gebras. Since FGs is the direct sum of five fields (Proposition I2.4p . F[G/G'] 
is the direct sum of Mq = 10 fields. It follows that FG is the direct sum of 
ten fields and M — Mq = 3 quaternion algebras, each necessarily a ring of 
2x2 matrices over a field. 

(iii.b) Suppose mi = 1 and m 2 > 3. Then Z(G) = C 2 x C 2 m 2 contains 
2(m.2 + 1) = 2m2 + 2 cyclic subgroups, six generated by elements of order 
at most 4, so the centre of G contains Nq = 2m 2 + 2 Q-classes and Mq = 
6 + 2(2m 2 + 2 - 6) = 4m 2 - 2 F-classes. 

Set H = (Z(G),x) = (*i,t 2 ,x). Then H/(s) = (h,x) = C 2 ™ 2 x G 2 
contains 2m 2 + 2 cyclic subgroups six generated by elements of order at most 
4. These numbers imply 2m 2 + 2 Q-classes and 6 + 2(2m 2 + 2 — 6) = 4m 2 — 2 
F-classes. The group Z(G)/(s) = G 2 ^2 has m 2 + 1 cyclic subgroups, three 
of which are generated by elements of order at most 4, so this implies m 2 + 1 
Q-classes and 3 + 2(m 2 + 1 — 3) = 2m 2 — 1 F-classes. By Lemma 12. 5( 
there are N 2 = (2m 2 + 2) — (m 2 + 1) = m 2 + 1 Q-classes involving x and 
M 2 = (4m 2 - 2) - (2m 2 - 1) = 2m 2 - 1 F-classes. 
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If we take H = (Z(G),y) = (t\,y), then H/(s) = (y) = C 2 m 2 +i has 
77i2 + 2 cyclic subgroups, three of which are generated by elements of order 
at most 4. This implies 7712 + 2 Q-classes and 3 + 2(777,2 + 2 — 3) = 2m2 + 1 
F-classes. The group (Z(G))/(s) was considered above. We obtain N3 = 
( 7772+2) — (7712+I) = 1 Q-class involving y and M3 = (27772+I) — (27772 — 1) = 2 
.F-classes. Since (xy) 2 = st 2 , the number of Q-classes and F-classes involving 
xy are the same as for y. In all, we have N = N\ + N 2 + 2./V3 = (2tt72 + 2) + 
(7772 + 1) + 2(1) = 3tt72 + 5 Q-classes and hence 37772 + 5 simple components 
in the Wedderburn decomposition of QG, and M = M\ + M 2 + 2M3 = 
(47772 — 2) + (27772 — 1) + 2(2) = 6?772 + 1 F-classes, that is, 67772 + 1 simple 
components in the Wedderburn decomposition of FG. 

Now G/G' = (x,y) = C 2 x G 2 m 2+ i has 2(777 2 + 2) = 2777 2 + 4 cyclic 
subgroups, six generated by elements of order at most 4, so the commutative 
part of QG is the direct sum of Nq = 2m2 + 4 fields, while the commutative 
part of FG is the direct sum of M = 6 + 2(2t77 2 + 4 - 6) = 4t77 2 + 2 
fields. It follows that QG is the direct sum of 27772 + 4 fields and N — Nq = 
(3tt72 + 5) — (2tt72 + 4) = 771-2 + 1 quaternion algebras, while FG is the direct 
sum of 4777 2 + 2 fields and M - Mq = (6m 2 + 1) - (4tt7 2 + 2) = 2t77 2 - 1 
quaternion algebras. 



(iv.a) Suppose mi = m 2 = 2. Then |G| = 64 and Z(G) = G4 x G4 contains 
10 Q-classes that are also F-classes: Ni = Mi = 10. 

WithiT= (Z(G),x) = t 2 , x), the group H/{s) = C 2 x G 4 x C 2 contains 
12 Q-classes (which are also F-classes) while Z{G)/{s) = C 2 x G± contains 
six Q-classes (which are also F-classes). So there are ./V2 = 12 — 6 = 6 
Q-classes and M 2 = 6 F-classes involving x. 

Taking H = (Z(G),y) = (h,y), we see that H/{s) = C 2 x Gs contains 
eight Q-classes two of which split into two F-classes each, giving 6+2(8—6) = 
10 F-classes. There are six Q-classes and six F-classes in C(Z)(G)/(s) so, 
by Lemma 12.51 the number of Q-classes involving y is ./V3 = 8 — 6 = 2 and 
the number of F-classes is M3 = 10 — 6 = 4. The same holds for classes 
containing xy, so the total number of Q-classes in G is N = Ni + N 2 + 2N^ = 
10+6+2(2) = 20 and the total number of F-classes is M = Mi+M 2 +2M 3 = 
10 + 6 + 2 • 4 = 24. 

In the present case, G/G' = (x) x (y) = G2 x C$ x G2, so K[G/G'] can 
be viewed as the group algebra of C% with coefficients in K[C 2 x C 2 ] = 
K © K © K © K with K any field of characteristic different from 2. With 
777 = 3, Proposition 12.41 says that QC$, is the direct sum of four fields and 
FGg the direct sum of 2777 — 1 = 5 fields. It follows that the commutative 
part of QG is the direct sum of iVo = 16 fields while the commutative part of 
FG is the direct sum of Mq = 20 fields. We conclude that QG is the direct 
sum of 16 fields and N — Nq = 4 quaternion algebras, while FG is the direct 
sum of 20 fields and M — Mq = 4 quaternion algebras. 
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(iv.b) Suppose mi > 3 and 771,2 = 2. Then Z{G) = C 2 mi x C4 contains 
N\ = Ami + 2 Q-classes and Mi = 8mi — 6 F-classes. (It is helpful to start 
referring to Table [2j) 

Let H = (Z(G),x) = (h,t 2 ,x). Then H/(s) = C 2mi -i x C 4 x C 2 has 
8(mi — 1)+4 = 8mi— A Q-classes and 16(mi — 1) — 12 = \Qm\ — 28 F-classes, 
while2(G)/(s) = C^-i xC 4 has 4(mi-l)+2 = 4m x -2 and 8(mi-l)-6 = 
8mi — 14, respectively. Lemma [2. 51 gives = (8mi— 4) — {Ami— 2) = Ami— 2 
Q-classes involving x and M2 = (16toi — 28) — (8mi — 14) = 8m 1 — 14 F- 
classes. 

Let H = (Z{G),y) = {h,y). Then H/{s) C 2mi -i x C 8 has 8(mi - 
1) — 2 = 8mi — 10 Q-classes and 16(mi — 1) — 14 = 16mi — 30 F-classes, 
giving A3 = (8mi — 10) — (4mi — 2) = 4mi — 8 Q-classes involving y and 
M3 = (16mi — 30) — (8mi — 14) = 8mi — 16 F-classes. Since {xy) 2 = st 2 , 
{Z{G) , xy) = (ti , xy) , so the number of Q- and F-classes involving xy are the 
same as those involving y. In all, we have N = Ni + N 2 + 2N% = 16m-i — 16 
Q-classes in G and M = Mi + M 2 + 2M 3 = 32m x - 52 F-classes. 

Now G/G' = <tl,x,y> = C 2 m x x C 2 x C 8 has N = 16(mi - 1) - 4 = 
16mi - 20 Q-classes and M = 32{m x - 1) - 28 = 32mi - 60 F-classes. We 
conclude that QG is the direct sum of A^o = 16mi — 20 fields and N — Nq = A 
quaternion algebras, while FG is the direct sum of Mq = 32mi — 60 fields 
and M — Mq = 8 quaternion algebras. 

(iv.c) Suppose mi = 2 and m 2 > 3. Then Z{G) = C4 x C 2 ^ 2 contains 
Ni = Am 2 + 2 Q-classes and Mi = 8m 2 — 6 F-classes. 

LetH = {Z{G),x) = {h,t 2 ,x). Then H/(s) ^ C 4 x C 2 m 2 x C 2 has 8m 2 +4 
Q-classes and 16m 2 — 12 F-classes while Z{G)/ (s) = C 2 x C 2 ™ 2 has 2m 2 + 2 
and 4r?i.2 — 2, respectively. Lemma 12.51 gives N 2 = {8m 2 + 4) — (2m 2 + 2) = 
6m2 + 2 Q-classes involving x and M 2 = (16m 2 — 12) — {Am 2 — 2) = 12m2 — 10 
F-classes. 

Let H = (Z{G),y) = (h,y). Then H/{s) ^ C 2 x C 2 ™ 2 +i has 2m 2 + 4 Q- 
classes and 4m_2+2 F-classes, giving ./V3 = (2m 2 +4) — (2m 2 +2) = 2 Q-classes 
involving y and M3 = (4m 2 + 2) — (4m 2 — 2) = 4 F-classes. Since {xy) 2 = st 2 , 
(Z{G),xy) = (ti,xy), so the number of Q- and F-classes involving xy are 
the same as those involving y. In all, we have N = Ni+N 2 + 2N^ = 10m,2 + 8 
Q-classes in G and M = M x + M 2 + 2M 3 = 20m 2 - 8 F-classes. 

Now G/G' = (t[,x,y) = C 2 x C 2 x C 2 ™ 2 +i has N = Am 2 + 8 Q-classes 
and Mq = 8m 2 + 4 F-classes. We conclude that QG is the direct sum of 
iV"o = 4m-2 + 8 fields and N — Nq = 6m 2 quaternion algebras, while FG is 
the direct sum of Mq = 8m 2 + 4 fields and M — Mq = 12m 2 — 12 quaternion 
algebras. 

We turn to the general case, assuming now that mi > 3 and m-2 > 3. 
Again, our argument involves subcases. 

(a) Suppose first that mi — 1 > m 2 + 1. Lemma IBTTl tells us the Z{G) = 
C 2 m,x x C 2 ™-2 has N\ = 2 m2 (3 + mi — m 2 ) — 2 cyclic subgroups, which is the 
number of Q-classes. Those ten subgroups which lie in subgroups isomorphic 
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to G4 x G4 are also F-classes, while the others split into two F-classes — see 
Lemma ES We obtain Mi = 10 + 2{Ni - 10) = 2N X - 10 F-classes in the 
centre. 

Since vn\ — 1 > 7712, Lemma I5TT1 tells us that Z(G)/(s) = C 2 m 1 -i x €2^2 
has a = 2 m2 (3 + mi — 1 — 171,2) — 2 = 2 m2 (2 + mi — m 2 ) — 2 cyclic subgroups, 
of which 10 (those lying in a copy of G4 x C4) are generated by elements 
of order at most 4. It follows that the number of Q-classes in Z(G)/(s) 
is a and the number of F-classes is 10 + 2 (a — 10) = 2a — 10. Let H = 
(Z(G),x) = (ti,t 2 ,x). Then H/{s) = (h,h,x) = C^-i x C 2 ™ 2 x C 2 has 
2a cyclic subgroups, twenty of which are generated by elements of order 
at most 4. So H/(s) has 2a Q-classes and 20 + 2(2a - 20) = 4a - 20 
F-classes. Using Lemma 12.51 we obtain N 2 = 2a — a = a Q-classes and 
M 2 = (4a - 20) - (2a - 10) = 2a - 10 = 2N 2 - 10 F-classes. 

Set H = {Z(G),y) = {h,y} ^ G 2 "n x C 2 m 2+ i. Now H/{s) ^ C 2mi -i x 
Using Lemma l5.ll and noting mi — 1 > m 2 + 1, we see that H/(s) 
has (3 = 2 m2+1 [3 + (mi - 1) - (m 2 + 1)] - 2 = 2 m2+1 (l + m x - m 2 ) - 2 cyclic 
subgroups, ten of which are generated by elements of order at most 4. This 
gives (3 Q-classes and 10 + 2{fi — 10) = 2(3 — 10 F-classes. Since Z/(s) has a 
cyclic subgroups (as above), Lemma [231 gives ./V3 = /? — a = 2 m2 (mi — m 2 ) 
Q-classes involving y and M 3 = (2/3 - 10) - (2a - 10) = 2(f3 - a) = 2N 3 
F-classes. 

Since (xy) 2 = st 2 , the counts for xy are the same as for y: N4 = N3 
and M4 = M3. In all, the total number of Q-classes in G, which is the 
number of simple components in the Wedderburn decomposition of QG, is 
N = Ni + N 2 + 2A^ 3 = 2 m2 (5 + 4mi - 4m 2 ) - 4. Similarly, the Wedderburn 
decomposition of FG has M = M x + M 2 + 2M 3 = (2iV"i - 10) + (2A^ 2 - 10) + 
2 (2N 3 ) = 2N - 20 = 2 m2+1 (5 + 4mi - 4m 2 ) - 28 simple components. 

Now G/G' = (ti,x,y) = C 2mi -i x C 2 x C 2 m 2 +i has 2/3 cyclic subgroups, 
twenty of which are generated by elements of order at most 4. This gives 
N = 2/3 Q-classes and M = 20 + 2(2(3 - 20) = 4/3 - 20 = 2iV - 20 F- 
classes. Remember that these are the number of fields in the commutative 
parts of QG and FG, respectively. It follows that QG is the direct sum of 
N = 2(3 = 2 m2+2 (l + mi - m 2 ) - 4 fields and N - N = 2 m2 quaternion 
algebras and FG is the direct sumofM = 4/3-20 = 2 m2+3 (l+mi-m 2 )-28 
fields and M — Mq = 2 m2+1 quaternion algebras. 

(b) Now suppose mi — 1 < m 2 + 1. We consider two possibilities. 

(b.i) First, suppose that mi — 1 = m 2 . The centre of G, which is isomorphic 
to C 2 m 2 +i x G 2 ™ 2 , has a = 2 m2 (3 + m 2 + 1 - m 2 ) - 2 = 4(2 m2 ) - 2 cyclic 
subgroups, of which ten are generated by elements of order at most 4. It 
follows that the centre has JV"i = 4(2 m2 ) - 2 Q-classes and Mi = 10 + 2(iVi - 
10) = 2Ni - 10 F-classes. 

The group Z(G)/(s) ^ G 2 ™ 2 x G 2 - 2 has (3 = 2™ 2 • 3 - 2 cyclic subgroups, 
of which ten are generated by elements of order at most 4, so the number of 
Q-classes in the centre is (3 and the number of F-classes is 10 + 2(/3 — 10) = 



16 RAUL A. FERRAZ, EDGAR G. GOODAIRE, AND CESAR POLCINO MILIES 

2/3 - 10. Let H = (Z(G),x) = (h,t 2 ,x). Then H/(s) C 2 - 2 x C 2 ™ 2 x C 2 
has 2(3 cyclic subgroups, of which twenty are generated by elements of order 
at most 4, so H/(s) has 2(3 Q-classes and 20 + 2(2/3-20) =4/3-20 F-classes. 
From Lemma 12.51 we learn that there are N 2 = 2/3 — (3 = (3 = 2 m2 -3 — 2 
Q-classes involving x and M 2 = (4/3 - 20) - (2/3 - 10) = 2/3 - 10 = 2N 2 - 10 
F-classes. 

Let H = (Z(G),y) = (h,y). Then H/(s) ^ C 2 - 2 x C 2 m 2 +i has 7 = 
2 m2 (3 + 1) — 2 = 2 m2 -4 — 2 cyclic subgroups, of which ten are generated by 
elements of order 4. It follows that this group has 7 Q-classes and 27 — 10 
-F-classes. Lemma 12.51 gives N 3 = 7 — (3 = 2" 12 Q-classes involving y and 
M 3 = (2 7 - 10) - (2/3 - 10) = 2(7 -(3)= 2N 3 F-classes. Since (xy) 2 = st 2 , 
the counts with xy are the same as with y: N4 = iV 3 and M4 = M 3 . The 
rational group algebra QG is the direct sum of N = N\ + iV 2 + 2N 3 = 
2 m2 (9) — 4 simple algebras and the group algebra FG is the direct sum of 
M = Mi + M 2 + 2M 3 = 2JV - 20 = 2 m2+1 (9) - 28 simple algebras. In 
this situation, G/G' C 2 ™ 2 x C 2 x C 2m2 +i has iV = 2 7 = 2 m2 (8) - 4 Q- 
classes and M = 20 + 2(2 7 - 20) = 4 7 - 20 = 2/V - 20 = 2 m2+2 -4-28 
F-classes. It follows that QG is the direct sum of N = 27 = 2 m2 (8) - 4 
fields and N — Nq = 2 m2 quaternion algebras, while FG is the direct sum 
of M = 2 m2+1 quaternion algebras. 

(b.ii) The remaining case is mi — 1 < m 2 , that is, mi < m 2 . Here, Lemma [5. II 
gives the number of cyclic subgroups of Z{G) = C 2 m\ x C 2 '« 2 to be N\ = 
2 mi (3 + m 2 — vfi\ ) — 2. Since ten of these are generated by elements of order 
at most 4, the centre has N\ Q-classes and M\ = 2N\ — 10 F-classes. 

Since Z{G)/{s) = C 2 , ni -i x CV 2 has a = 2 mi ~ 1 [3 + m 2 - (mi - 1)] - 
2 = 2 mi ~ 1 (4 + m 2 — mi) — 2 cyclic subgroups, of which ten are generated 
by elements of order at most 4, this group has a Q-classes and 2a — 10 
F-classes. Let H = (Z(G),x). We have H/(s) = C 2mi -i x C 2 m 2 x C 2 
with 2a cyclic subgroups, of which twenty are generated by elements of 
order at most 4. These facts imply 2a Q-classes and 4a — 20 F-classes. 
Lemma 12.51 gives N 2 = 2a — a = a = 2 mi_1 (4 + m 2 — m\) — 2 Q-classes and 
M 2 = (4a - 20) - (2a - 10) = 2a - 10 = 2N 2 - 10 F-classes involving x. 

Let H = (Z(G),y) = {h,y). Then H/(s) ^ C^-i x C 2 ™ 2+ i has (3 = 
2 mi - 1 [3 + (m 2 + l)-(mi-l)]-2 = 2 mi - 1 (5 + m 2 -mi)-2 cyclic subgroups, 
of which 10 are generated by elements of order at most 4. So this group has 
(3 Q-classes and 2(3 — 10 F-classes. Lemma [231 gives N3 = (3 — a = 2 mi — 1 
Q-classes involving y and M 3 = (2/3 - 10) - (2a - 10) = 2(/3 - a) = 2N 3 
F-classes. As before, the numbers for xy are the same, so QG is the direct 
sum of N = N ± + N 2 + 2N 3 = 2 mi ~ 1 (12 + 3m 2 -3mi) -4 simple algebras and 
FG is the direct sum of M = Mi + M 2 + 2M 3 = 2N - 20 = 2 mi (12 + 3m 2 - 
3mi) — 28 simple algebras. Since G/G' = C 2 m 1 -i xC 2 x C 2 m 2 +i and 2/3 cyclic 
subgroups, of which twenty are generated by elements of order at most 4, 
the number of Q-classes here is Nq = 2(3 = 2 mi (5 + m 2 — mi) — 4 and the 
number of F-classes is M = 4/3-20 = 2N -20 = 2 mi+1 (5 + m 2 -mi) -28. 
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It follows that QG is the direct sum of Nq = 2 mi (5 + m 2 — mi) — 4 fields and 
N — No = 2 Trai ~ 1 (2 + m 2 — mi) quaternion algebras, while FG is the direct 
sum of M = 2 mi+1 (5 + m 2 -mi)-28 fields and M - M = 2 mi (2+m 2 -mi) 
quaternion algebras. 

Theorem 5.2. Let G be a group of type T>% with m\ > 3 and mi > 3. 

' 2™ 2 (5 + Ami ~ 4m 2 ) - 4 if m t - I > m 2 + I 
SetN= < 9(2 m2 )-4 ifm 2 =mi~\ 
2 m i- 1 (12 + 3m 2 -3mi) -4 ifmi<m 2 , 

'2 m2+2 (l + mi -m 2 ) -4 ifm l -l>m 2 + l 
N = I 8(2 m2 ) -4 i/ m2 = mi -l 

2 mi (5 + m 2 — mi) — 4 ifm\<m 2 , 

M = 2N — 20 and M = 2iV - 20. T/ien QG is i/te direct ram o/ iV /ieWs 
and N — No quaternion algebras. For any finite field K of odd order q, KG 
is the direct sum of at least Mo fields and M — Mo quaternion algebras, these 
numbers being achieved if q = 3 (mod 8). 



6. Groups of type D 4 



Let 



G=(t 1 ,t 2 ,x,y | tp =C 2 = 1, 

x =h,y = t 2 ,ti,t 2 central, (x,y) = ti = s) 

be a group of type V4. 

Again, we consider first several small cases and in the first few, let K 
denote ambiguously Q or a finite field of order q = 3 (mod 8). 

(i) If mi = m 2 = 1, then Z(G) = C 2 x C 2 and s = t\. The centre has one 
element of order 1 and three elements of order 2, each defining a conjugacy 
class of size 1 and hence a if-class. Set H = (Z(G),x) = C4 x C 2 . Then 
H/(s) = C 2 xC 2 has four i^-classes and {Z(G),x)/(s) C 2 has two K- 
classes, so there are two classes involving x. A similar calculation shows 
that there are also two classes involving y and another two involving xy, so 
KG is the direct sum of eight simple algebras. Now G/G' = C 2 x C4, so 
K[G/G'\ is the group algebra of C4 with coefficients in KC 2 = K © K and 
is, therefore, the direct sum of six fields. Consequently, KG is the direct 
sum of six fields and two quaternion algebras. 

(ii.a) Suppose mi = 2 and m 2 = 1. Then \G\ = 32, s = t\ and Z(G) = 
C4 x C 2 . Since Z(G) contains six cyclic subgroups, each of order at most 4, 
the centre of G contains six K-classes. 

Set H = (Z(G),x) = (x,t 2 ). Then H/(s) ^ C 4 x C 2 . This group has six 
cyclic subgroups and Z{G)/(s) = C 2 x C 2 has four, so G has two ^-classes 
involving x. Let H = (Z(G),y) = (h,y). Then H/(s) ^ C 2 x C 4 has 
six cyclic subgroups while Z(G)/(s) has four, so the number of .KT-classes 
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involving y is two. Now (xy) 2 = st\t2 = t\t-z, so H = (2(G), xy) = (t2,xy), 
so H/ (s) = (t2,xy) = C2 x C4 has six, so there are two K-classes involving 
xy. In all, we have 12 if-classes in G, so KG has 12 simple components. 

Since G/G' = (x,y) = C2 x G4 has six cyclic subgroups, all of order at 
most 4, K[G/G'] has six ^-classes, so KG is the direct sum of six fields and 
six quaternion algebras. 

(ii.b) Suppose mi > 3 and m2 = 1. Then 2(G) = C 2 mi x C2 contains 
2(mi + 1) cyclic subgroups, six of which are generated by elements of order 
at most 4, so the centre of G contains N% = 2m\ + 2 Q-classes. Those of 
order at most 4 are also -F-classes while the remaining Q-classes each split 
into two F-classes giving in all, M\ = 6 + 2(2mi + 2 — 6) = 4m 1 — 2 F-classes. 

Set H = (2(G), x) = (t 2 ,x). Then H/(s) = (^,#) = G 2 x G 2 ™i contains 
2 [3 + (mi — 1)] — 2 = 2mi + 2 cyclic subgroups, six of which are generated 
by elements of order at most 4. These numbers imply 2mi + 2 Q-classes and 
6 + 2(2mi + 2-6) = 4mi - 2 F-classes. The group 2(G) /(s) ^C 2mi -ixC 2 
has 2mi cyclic subgroups, six of which are generated by elements of order at 
most 4, so this implies 2mi Q-classes and 6 + 2(2mi — 6) = 4mi — 6 F-classes 
involving x. By Lemma 12.5} there are N 2 = (2mi + 2) — 2mi = 2 Q-classes 
involving x and M 2 = (4mi — 2) — (4mi — 6) = 4 F-classes. 

If we take H = {2(G), y) = (h,y) then H/(s) = C 2mi -i x G 4 has 4(3 + 
mi — 1 — 2) — 2 = 4mi — 2 cyclic subgroups, ten of which are generated 
by elements of order at most 4. This implies 4mi — 2 Q-classes and 10 + 
2(4mi — 2 — 10) = 8mi — 14 F-classes involving y. The group 2(G)/ (s) was 
considered above. We obtain N3 = (4mi — 2) — 2mi = 2mi — 2 Q-classes 
involving y and M3 = (8mi — 14) — (4mi — 6) = 4mi — 8 F-classes. 

Now (xy) 2 = sht 2 , so H = {2(G), xy) = (t 2 ,xy). Thus H/{s) = C 2 x 
C 2 -i has 2[(3 + (mi - 1)] - 2 = 2m x + 2 Q-classes and 2(2m x + 2 - 6) + 6 = 
4mi — 2 F-classes. In all, this gives N4 = (2mi + 2) — 2mi = 2 Q-classes 
involving xy and M4 = (4mi — 2) — (4mi — 6) = 4 F-classes. Thus QG 
has N = N\ + ^2 + -/V3 + A^4 = 4mi + 4 simple components and FG has 
M = Mi + M 2 + M 3 + M 4 = 8m 1 - 2 simple components. 

Now G/G' = (x,y) ^ C 2 -i x C 4 has N = 4[3 + (mi - 2)] - 2 = 4mi + 2 
cyclic subgroups, 10 of order at most 4, so the commutative part of QG is the 
direct sum of 4m 1 + 2 fields, while the commutative part of FG is the direct 
sum of M = 2(4mi + 2 - 10) + 10 = 8mi - 6 fields. It follows that QG is the 
direct sum of N = Ami + 2 fields and N - N = (4mi + 4) - (4mi + 2) = 2 
quaternion algebras, while FG is the direct sum of Mq = 8mi — 6 fields and 
M — Mo = (8mi — 2) — (8mi — 6) = 4 quaternion algebras. 

(iii.a) Suppose mi = 1 and m-2 = 2. Then |G| = 32, 2(G) = G2 x G4 and 
s = t\. As in case (ii.a), there are six Q-classes of the centre and these are 
also F-classes. 

Now (2(G),x)/(s) = G 2 x G 4 contains six Q-classes while 2(G)/ (s) = G 4 
contains three, so the number of ^-classes containing x is three. The group 
(Z(G),y)/{s) = Cg contains four Q-classes and (Z(G))/{s) = G4 contains 
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three, so there is just one Q-class in G containing y. As one of the Q- 
classes of Hj (s) (corresponding to the elements of order 8) splits into two 
F-classes and the Q-classes of {Z(G)) / (s) do not split, the number of F- 
classes containing y is two. A similar calculations holds for xy, so there are 
also one Q-class and two F-classes containing xy. All this shows that the 
total number of Q-classes of G is 11 and the total number of F-classes is 13. 

Since G/G' = (x) x (y) C 2 x G 8 , K[G/G'} = KC 2 [Cs} = (K © K)C S = 
KCg © KCg is the direct sum of 2 • 4 = 8 fields if K = Q and 2(5) = 10 
fields if K has finite order q = 3 (mod 8). It follows that QG is the direct 
sum of eight fields and three quaternion algebras while FG is the direct sum 
of ten fields and three quaternion algebras, each necessarily a ring of 2 x 2 
matrices over a field. 

(iii.b) Suppose ra\ = 1 (so that s = t±) and m 2 > 3. Then Z(G) = C2 x C2 m 2 
contains 2(rri2 + 1) cyclic subgroups, six of order at most 4, so the centre 
of G contains N\ = 2ni2 + 2 Q-classes. Those of size at most 4 are also 
F-classes while the remaining Q-classes each split into two -F-classes giving 
in all, Mi = 2(2m 2 + 2 - 6) + 6 = 4ra 2 - 2 F-classes. 

Set H = (Z(G),x) = (t 2 ,x). Then H/(s) = ^ G 2 ™ 2 x C 2 contains 

2m 2 + 2 cyclic subgroups, six of which are generated by elements of order at 
most 4. These numbers imply 2m 2 + 2 Q-classes and 2(2m 2 + 2 — 6) + 6 = 
4m 2 — 2 F-classes. The group Z(G)/(s) = G 2 ^2 has m 2 + l cyclic subgroups, 
three of which are generated by elements of order at most 4, so this implies 
m 2 + 1 Q-classes and 2(m 2 + 1 — 3) + 3 = 2m 2 — 1 F-classes involving x. 
By Lemma 12.51 there are iV 2 = (2m 2 + 2) — (m 2 + 1) = m 2 + 1 Q-classes 
involving x and M 2 = (4m 2 — 2) — (2m 2 — 1) = 2m 2 — 1 F-classes. 

With H = (Z(G),y) = (h,y), H/(s) ^ C 2 m 2+ i has m 2 + 2 cyclic sub- 
groups, three of which are generated by elements of order at most 4. This 
implies m 2 + 2 Q-classes and 2(m 2 + 2 — 3) + 3 = 2m 2 + 1 F-classes in- 
volving y. The group Z(G)/(s) was considered above. We obtain ./V3 = 
(m 2 +2) — (m 2 + l) = 1 Q-class involving y and M3 = (2m 2 + l) — (2m 2 — 1) = 2 
F-classes. Since {xy) 2 = st\t2 = t 2 , the counts for xy and y are the same. 
In all, the Wedderburn decomposition of QG has iV = N\ + iV 2 + 2^3 = 
3m 2 + 5 simple components and the Wedderburn decomposition of FG has 
M = Mi + M 2 + 2M3 = 6m 2 + 1 simple components. 

Now G/G' = (x,y) = C 2 x C 2 m 2 +i has iV = 2(m 2 + 2) = 2m 2 + 4 cyclic 
subgroups, six of order at most 4, so the commutative part of QG is the 
direct sum of 2m 2 + 4 fields, while the commutative part of FG is the direct 
sum of M = 2(2m 2 + 4 - 6) + 6 = 4m 2 + 2 fields. It follows that QG is the 
direct sum of iVo = 2m 2 +4 fields and N—Nq = (3m 2 +5) — (2m 2 +4) = m 2 +l 
quaternion algebras, while FG is the direct sum of Mq = 4m 2 + 2 fields and 
M — Mq = (6m 2 + 1) — (4m 2 + 2) = 2m 2 — 1 quaternion algebras. 

(iv.a) Suppose mi = m 2 = 2. Then Z(G) = C4 x G4 contains N\ = 10 Q- 
classes that are also F-classes: Mi = 10. The group H = (Z(G),x)/(s) = 
G4 x G4 contains 10 Q-classes that are also F-classes while Z(G)/{s) = 
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G 2 x G4 contains six Q-classes that are also F-classes so the total number 
of Q-classes in G involving x is A 2 = 4, and M 2 = 4 as well. 

Let H = (Z(G),y)(s) = C2 X C$. This group contains eight cyclic sub- 
groups, six generated by elements of order at most 4. So there are eight 
Q-classes and 6 + 2(8 — 6) = 10 F-classes. It follows that the number of Q- 
classes involving y is A3 = 8 — 6 = 2 and the number of -F-classes involving 
y is M3 = 10 — 6 = 4. The situation with regards classes involving xy is 
similar: A4 = A 3; M4 = M 3 . It follows that the total number of Q-classes 
in G is A = Ai + A 2 + 2A3 = 18 and the total number of F-classes is 
M = Mi + M 2 + 2M 3 = 22. 

Now, G/G' G 4 xG 8 xG 2 , so Lemma O shows that Q[G/G'] has A = 14 
simple components while F[G/G'] has Mq = 18 components. Consequently, 
QG is the direct sum of iVy = 14 fields and A — Nq = 4 quaternion algebras 
while FG is the direct sum of Mq = 18 fields and M — Mq = 4 quaternion 
algebras, each necessarily isomorphic to a ring of 2 x 2 matrices. 

(iv.b) Suppose m-i > 3 and m 2 = 2. Then Z[G) = Ci m \ x G4 contains 
N\ = 4mi + 2 Q-classes and M\ = 8mi — 6 F-classes. (Again, we refer to 
Table El) 

Let H = (Z(G),x) = (x,t 2 ). Then H/(s) =" CVi x C 4 has Ami + 2 
Q-classes and 8mi — 6 F-classes while Z(G)/(s) = C 2 m 1 -i x C4 has 4mi — 2 
and 8mi — 14, respectively. Lemma [2. 51 gives N2 = (4mi + 2) — {Ami — 2) = 4 
Q-classes involving x and M 2 = (8m-i — 6) — (8mi — 14) = 8 F-classes. 

Let H = (Z(G),y) = {h,y). Then H/{s) ^ C 2mi -i x C 8 has 8(mi - 
1) — 2 = 8mi — 10 Q-classes and 16(mi — 1) — 14 = 16mi — 30 F-classes, 
giving ./V3 = (8mi — 10) — (4mi — 2) = 4mi — 8 Q-classes involving y and 
M 3 = (16mi - 30) - (8mi - 14) = 8mi - 16 F-classes. Since (xy) 2 = stii 2 , 
(Z(G),xy) = (t2,xy), so the number of Q- and F-classes involving are 
the same as those involving x. In all, we have N = N\ + 2N% + = 8mi + 2 
Q-classes in G and M = Mi + 2M 2 + M 3 = 16mi - 6 F-classes. 

Now G/G' = (x,y) = C 2 ™i x C 8 has iV = 8mi - 2 Q-classes and M = 
16mi — 14 F-classes. We conclude that QG is the direct sum of Nq = 8m 1 — 2 
fields and iV — Nq = 4 quaternion algebras, while FG is the direct sum of 
Mq = 16mi — 14 fields and M — Mq = 8 quaternion algebras. 

(iv.c) Suppose mi = 2 and m 2 > 3. Then Z{G) = G4 x G 2 ™2 contains 
N\ = 4m 2 + 2 Q-classes and Mi = 8m 2 — 6 F-classes. 

Let H = (Z(G),x) = {x,t 2 ). Then H/(s) ^ G 4 x G 2 ™ 2 has 4m 2 + 2Q- 
classes and 8m 2 — 6 F-classes while Z(G)/{s) = G 2 x G 2 ^2 has 2m 2 + 2 and 
4m 2 — 2, respectively. Lemma 12.51 gives iV 2 = (4m 2 + 2) — (2m 2 + 2) = 2m 2 
Q-classes involving x and M 2 = (8m 2 — 6) — (4m 2 — 2) = 4m 2 — 4 F-classes. 

Let H = (Z(G),y). Then H/(s) = G 2 x G 2 m 2 +i has 2m 2 + 4 Q-classes and 
4m 2 + 2 F-classes, giving A3 = (2m 2 + 4) — (2m 2 + 2) = 2 Q-classes involving 
y and M3 = (4m 2 + 2) — (4m 2 — 2) = 4 F-classes. Since (xy) 2 = siit 2 , 
(Z(G),xy) = (ti,xy), so the number of Q- and F-classes involving xy are 
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the same as those involving y. In all, we have N = N\ + N 2 + 2N3 = 6m 2 + 6 
Q-classes in G and M = Mi + M 2 + 2M 3 = 12m 2 - 2 F-classes. 

Now G/G' = (x,y) = G4 x G 2 m 2 +i has Nq = 4m 2 + 6 Q-classes and Mq = 
8m 2 + 2 F-classes. We conclude that QG is the direct sum of Nq = 4m 2 + 6 
fields and N — Nq = 2m 2 quaternion algebras, while FG is the direct sum 
of Mq = 8m 2 + 2 fields and M — Mq = Am 2 — 4 quaternion algebras. 

Now we turn to the general case, assuming that m\ > 3 and mi > 3. 
Lemma |5. II allows to us to determine the number iVj of cyclic subgroups of 
Z(G) = C2 m i x C 2 m 2 ■ Of these, 10 are generated by elements of order at 
most 4 (those lying in G4 x G4), so the number of Q-classes in 2(G) is Ni 
and the number of F-classes is Mi = 10 + 2(Aq - 10) = 2Ni - 10. Denote 
by a the number of cyclic subgroups of Z(G)/(s) = C 2 m-i x C 2 m 2. Since 
mi — 1 > 2, ten of these subgroups are generated by elements of order at most 
4, so there are a and 10 + 2(a — 10) = 2a — 10 Q- and F-classes, respectively, 
in this quotient. Let H = (Z(G),x) = (x,t 2 ). Then H/(s) = C 2 ™i x C 2 m 2 
has N\ and 2iV"i — 10 Q- and F-classes, respectively, so, using Lemma [231 
we know the numbers of Q- and -F-classes involving x: N 2 = N\ — a and 
M 2 = (2Ni - 10) - (2a - 10) = 2(Ni - a) = 2N 2 . 

Let H = (Z(G),y) = (h,y). Suppose H/(s) = C 2 m 1 -i x 
(3 cyclic subgroups. Again, since ra\ — 1 > 2, ten of these are generated 
by elements of order at most 4, giving (5 and 2(5 — 10 Q- and -F-classes, 
respectively. From Lemma 12. 5\ we learn that the numbers of Q- and F- 
classes involving y are ./V3 = (3 — a and M3 = (2/3 — 10) — (2a — 10) = 
2(j3 — a) = 2N3, respectively. 

Let H = (Z(G),xy). This group is (ti) x (xy) or (t 2 ) x (xy) according 
as mi < m 2 or m2 > mi, respectively. In any event, letting N4 denote 
the number of Q-classes involving xy (as usual), the number of F-classes 
involving y is M4 = 2./V4, as with previous situations. If N = Ni+N 2 + N^ + 
A^4, then QG is the direct sum of iV simple algebras, then FG is the direct 
sum of M = M1 + M2 + M3 + M4 = (2iVi-10) + 2jV2 + 2iV3 + 2iV4 = 2JV-10 
simple algebras. 

Now G/G' = (x) x (y) ^ C 2 -i x and Lemma [5.11 allows to compute 

A^o, the number of cyclic subgroups of this group, which is also the number 
of Q-classes of G/G' and the number simple components of Q[G/G'\, the 
commutative part of QG. On the other hand, the number of F-classes of 
G/G' is M = 10 + 2(N - 10) = 2iV - 10. 

We conclude that QG is the direct sum of iVo fields and N — Nq quaternion 
algebras, while FG is the direct sum of Mq = 2Nq — 10 fields and M — Mq = 
2(N — Nq) quaternion algebras. 

Theorem 6.1. Let G be a group of type D4 with mi > 3 and m 2 > 3. Let 

N = N\ + N 2 + N3 + N4 where N\, N 2 , N3, N4 are, respectively, the numbers 
of cyclic subgroups ofZ(G) and the numbers of Q-classes involving x, y and 
xy. Let Nq be the number of cyclic subgroups of G/G' . (Note that these 
numbers can be determined by Lemma I5.il and Lemma \2.5[ ) Then QG is 
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the direct sum of Nq fields and N — Nq quaternion algebras. Let M = 2iV— 10 
and Mq = 2Nq — 10. For any finite field K of odd order q, the Wedderburn 
decomposition of the group algebra KG has at least M simple components, 
a number that is achieved if q = 3 (mod 8), in which case KG is the direct 
sum of Mq = 2Nq — 10 fields and M — Mq = 2(N — Nq) quaternion algebras. 

7. Groups of type V 5 

Once again, we begin with a lemma that enables us to determine the 
number of cyclic subgroups in the centre of the groups of interest in this 
section. 

Lemma 7.1. Let A = C% a x C 2 b x C 2 c be the direct product of cyclic groups 
of orders 2 a , 2 b and 2 C with a > b > c > 1. The number of cyclic subgroups 
of A of order 2 k is 

• 7(2 2 ( fc - 1 )) ifl<k<c, 

• 3(2 c+fc " 1 ) ifc<k<b, and 

• 2 b+c ifb<k<a. 

In all, AhasN = |(4 C - 1) + 3(2 c )(2 b - 2 C ) + (a - b)2 b+c + 1 cyclic subgroups 
(and hence N Q-classes). 

Proof. Suppose 1 < k < c. An element (u, v,w) G A satisfies (n, v, w) = 1 
if and only if it belongs to a subgroup of A isomorphic to C 2 k x C 2 k x C 2 t , 
so the number of elements in A of order 2 k is \C 2 k x C 2 k x C 2 k \ less \C 2 k-i x 
C 2 k-i x C 2 k-i\, that is, 2 3k - 2 3 ( fc ~ 1 ) = 2 3 ( fc - 1 )(2 3 - 1) = 7(2 3 ( fc ~ 1 )). Since 
there are (/>(2 fc ) = 2 fc_1 generators of any cyclic subgroup of order 2 k , the 
number of cyclic subgroups of order 2 k in this first case is 
7 ( 2 2(*-i)). 

Suppose c < k < b. An element (u, v,w) € A has order 2 k if and only if 
it has order 2 k in a copy of C 2 k x C 2 k x C 2 c Using Lemma 15. 11 we see that 
there are 3(4 fc_1 )2 c such elements. With reasoning as before, the number of 
cyclic subgroups of this order is therefore 3(2 fe_1 )2 c . 

Suppose that b < k < a. Then (u,v,w) G A has order 2 k if and only if it 
has order 2 k in a subgroup of A isomorphic to C 2 k x C 2 b x C 2 c. There are 
2 k ~ l 2 b+c such elements, so the number of cyclic subgroups is 

The number of cyclic subgroups of order 2 k , with 1 < k < c, is 

7 + 7(2 2 ) + 7(2 4 ) + 7(2 6 ) + • • • + 7(2 2 ( c ~ 1 )) 

= 7(1 + 2 2 + 2 4 + • • • + 2 2 ( C -V) = |(2 2c - 1) = |(4 C - 1). 
The number of cyclic subgroups of order 2 k with c < k < b is 

3(2 C )(2 C + 2 C+1 + 2 C+2 + • • • + 2 b - 1 ) 

= 3(2 c )(2 c )(l + 2 + 2 2 + --- + 2 fe - c - 1 ) 
= 3(2 c )(2 c )(2 b " c - 1) = 3(2 c )(2 b - 2 C ) 



SEMISIMPLE GROUP (AND LOOP) ALGEBRAS OVER FINITE FIELDS* 



2.3 



and the number of cyclic subgroups of order 2 k with b < k < a is (a — b)2 h+c . 
Including the trivial subgroup, the total number of cyclic subgroups of A is 
as stated. □ 

We refer the reader to Table [2] where many useful consequences of this 
lemma appear. To determine the numbers involved, use Lemma [7.1l to obtain 
the number of Q-classes in the direct product of three cyclic groups and then 
Lemma [2.2l to see which of these split into (two) F-classes and which do not, 
to get the number of F-classes. Specifically, if there are a Q-classes, /? of 
which correspond to cyclic groups generated by an element of order at most 
4, then there are a + 2 (a — (3) = 2a — [3 F-classes. 

Now let 

n U 4- -t I ^2 m i .2 m 2 ,2 m 3 -i 

G = {t 1 ,t 2 ,t 3 ,x,y I t 1 = t 2 =t 3 = 1, 

2 2 i / \ 2 m i ~~ 1 \ 

x =t 2 ,y = t 3 , h,t 2 ,t 3 central, (x,y) = t{ = s) 

be a group of type V5. 

Again, our analysis of the semisimple structure of KG, for various fields 
K, begins with a study of some special cases. 

(i) Assume m\ = m 2 = 7713 = 1. The results in this section hold for any 
field K of characteristic different from 2. We have s = t\ and 2(G) = 
C 2 x C 2 x C 2 with eight cyclic subgroups, all of suitably small order, so 
there are 8 JT-classes of 2(G). Since (Z(G),x) = (ti,x,t 2 ), (Z(G), x) / (s) = 
(x,t 2 ) = C4 x C 2 has six cyclic subgroups. Since Z(G)/(s) = C 2 x C 2 has 
four, Lemma 12.51 says there are two -fT-classes involving x. Similarly, there 
are two classes involving y. Now xy has order 4, since (xy) 2 = tit 2 t 3 , so 
(Z (G) , xy) I (s) = (t 2 ,xy) = C 2 x C4 has six cyclic subgroups. This implies, 
another two i^-classes, these involving xy. In all, there are 8 + 3(2) = 14 
iT-classes in G. 

As G/G' d x C 4j K[G/G'] is the direct sum of ten fields, so KG is the 
direct sum of ten fields and four quaternion algebras. 

(ii.a) Assume mi = 1, m 2 = 1, m 3 = 2. (Conclusions when m\ = 1, 
m 2 = 2, 7713 = 1 are the same.) Again we have s = t±. In this situation, 
Z(G) = C 2 x C 2 x C4 has 12 cyclic subgroups, so there are 12 /f-classes in 
the centre, where again K denotes any field of characteristic different from 2. 
Now (Z(G),x)/(s) = (x,ts) = C4 x C4, so there are 10 cyclic subgroups, all 
of suitably small order, giving 10 if-classes. As Z(G)j (s) = C 2 x C4 has 6, 
Lemma 12.51 gives us four i^-classes involving x. Now (Z(G),y) / {s) = {t 2 ,y) 
and (Z(G),xy)/(s) = (t 2 ,xy) (because (xy) 2 = st 2 ts). These groups are 
both isomorphic to C 2 x Cg, a group which contains eight cyclic subgroups, 
six of which are generated by elements of order at most 4. These numbers 
imply 8 — 6 = 2 Q-classes and 6 + 2(2) — 6 = 4 i^-classes. In all, there are 
12 + 4 + 2 + 2 = 20 Q-classes and 12 + 4 + 4 + 4 = 24 F-classes. 
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Since G/G' = (x, y) = G4 x Cg has 14 cyclic subgroups, of which ten are 
generated by elements of order at most 4, the commutative part of QG is 
the direct sum of 14 fields and the commutative part of FG is the direct 
sum of 10 + 2 • 4 = 18 fields. It follows that QG is the direct sum of 14 fields 
and six quaternion algebras while FG is the direct sum of 18 fields and six 
quaternion algebras. 

(ii.b) Assume m\ = 1, m 2 = 1 and m 3 > 3. As in case ii.a, we have s = t\, 
but here, Z(G) = C 2 x C 2 x G 2 ™ 3 has Ni = 4(m 3 + 1) = 4m 3 + 4 cyclic 
subgroups, of which 12 are generated by elements of order at most 4. So there 
are Q-classes in the centre and Mi = 12+2(iVi-12) = 2Aq-12 = 8m 3 -4 
F-classes. Now (Z(G),x)/{s) = ^ C 4 xC r3+ i has 4[3+(m 3 + l)-2]- 

2 = 4m 3 +6 cyclic subgroups, ten of which are generated by elements of order 
at most 4. This means 4m 3 + 6 Q-classes and 10 + 2(4m 3 + 6 — 10) = 8m 3 + 2 
F-classes. Now Z(G)/(s) = C 2 x C 2 ™ 3 has 2(m 3 + 1) = 2m 3 + 2 cyclic 
subgroups, six of which are generated by elements of order at most 4. This 
means 2m 3 + 2 Q-classes and 6 + 2(2m 3 + 2 — 6) = 4m 3 — 2 F-classes. 
Lemma [23] now tells us that there are N 2 = (4m 3 + 6) — (2m 3 + 2) = 2m 3 + 4 
Q-classes involving x and M 2 = (8m 3 + 2) — (4m 3 — 2) = 4m 3 + 4 F-classes 
involving x. Now (Z(G),y)/(s) = and (Z (G) , xy) / (s) = (h,xy) 

(because (xy) 2 = st 2 ts). These groups are both isomorphic to C 2 x C 2 ™ 3 +i, 
a group which contains 2(m 3 + 2) = 2m 3 + 4 cyclic subgroups, six of which 
are generated by elements of order at most 4, so this group contains 2m 3 + 4 
Q-classes and 6+2(2m 3 +4 — 6) = 4m 3 +2 i^-classes. By Lemma [2. 5\ we have 
N 3 = N 4 = (2m 3 + 4) - (2m 3 + 2) = 2 Q-classes and M 3 = M 4 = (4m 3 + 2) - 
(4m 3 - 2) = 4 F-classes. In all, there are N = Ni + N 2 + 2iV 3 = 6m 3 + 12 Q- 
classes and M = Mi+M 2 +2M% = 12m 3 +8 F-classes, so the decompositions 
of QG and FG have, respectively, iV = 6m 3 + 12 and M = 12m 3 + 8 simple 
components. 

Finally, as G/G' = (x,y) ^ C 4 xC 2 ™ 3 +i has 4[3+(m 3 +l)-2]-2 = 4m 3 +6 
cyclic subgroups, of which ten are generated by elements of order at most 
4, the commutative part of QG is the direct sum of 4m 3 + 6 fields and the 
commutative part of FG is the direct sum of 10 + 2(4m 3 + 6 — 10) = 8m 3 + 2 
fields. It follows that QG is the direct sum of 4m 3 + 6 fields and 2m 3 + 6 
quaternion algebras while FG is the direct sum of 8m 3 + 2 fields and 4m 3 + 6 
quaternion algebras. 

(iii.a) Suppose mi = 1 and m 2 = m 3 = 2. Then s = t\ and Z(G) = C 2 x 
G4 x G4 has twenty cyclic subgroups, all (clearly) of order at most 4. Here, 
we have (Z(G),x)/(s) = {x,F 3 ), (Z(G),y)/(s) = (h,y) = (Z(G), xy) / (s) 
(since (xy) 2 = st 2 ts). Each of these groups, being isomorphic to C$ x G4 
has 14 cyclic subgroups, ten of which are generated by elements of order at 
most four. So we have 14 Q-classes and 10 + 2 • 4 = 18 F-classes in this 
group. As Z(G)/(s) = G4 x G4 has 10 cyclic subgroups, all of order at most 
4, Lemma 12.51 tells us that there are four Q-classes involving each of x, y, 
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xy and 18 — 10 = 8 F-classes. In all, we have 20 + 3 • 4 = 32 Q-classes and 
20 + 3(8) = 44 F-classes. 

Finally, as G/G' = Cs X Cs has 22 cyclic subgroups, 10 of order at most 
4, the commutative part of QG is the direct sum of 22 fields and the com- 
mutative part of FG is the direct sum of 10 + 2(12) = 34 fields. We conclude 
that QG is the direct sum of 22 fields and ten quaternion algebras, while 
FG is the direct sum of 34 fields and 10 quaternion algebras. 

(iii.b) Assume mi = 1, m 2 > 3 and = 2. (By symmetry, our conclusions 
when m\ = 1, m 2 = 2, 7713 > 3 will be the same.) As in case iii.a, s = t\, 
but here Z(G) =C 2 xC r 2 xG 4 , a group with 8[3 + (m 2 - 1)] - 4 = 8m 2 + 4 
cyclic subgroups, 20 of which are generated by elements of order at most 
4. So the centre contains N\ = 8m 2 + 4 Q-classes and M\ = 20 + 2(iV~i — 
20) = 16m 2 - 12 F-classes. Now (Z(G),x)/(s) = {x,h) = C 2 m 2 +i x G 4 
has 4 [3 + (m 2 + 1) — 2]— 2 = 4m 2 + 6 cyclic subgroups, ten generated by 
elements of order at most 4. So there are 4m 2 + 6 Q-classes and 10 + 2(4m 2 + 
6 — 10) = 8m 2 + 2 F-classes in this group. As Z(G)/(s) = G 2 ™ 2 x G4 has 
4m 2 + 2 cyclic subgroups, ten generated by elements of order at most 4, 
this group has 4m 2 + 2 Q-classes and 10 + 2(4m 2 + 2 — 10) = 8m 2 — 6 F- 
classes. Lemma 12.51 gives N 2 = (4m 2 + 6) — (4m 2 + 2) = 4 Q-classes and 
M 2 = (8m 2 + 2) — (8m 2 — 6) = 8 F-classes involving x. The situation with 
xy is the same as with x, so N4 = N% and M4 = M 2 . Turning to y, we 
have (Z(G),y)/(s) = (h,y) C 2 -> x G 8 with 8(3 + m 2 -3) -2 = 8m 2 - 2 
cyclic subgroups, ten generated by elements of order at most 4. So there 
are 8m 2 — 2 Q-classes and 10 + 2(8m 2 — 2 — 10) = 16m 2 — 14 F-classes in 
this group and hence N3 = (8m 2 — 2) — (4m 2 + 2) = 4m 2 — 4 Q-classes and 
M3 = (16m 2 — 14) — (8m 2 — 6) = 8m 2 — 8 F-classes involving y. In all, there 
are iV = Ni + 2iV 2 + = 12m 2 + 8 Q-classes and M = Mi + 2M 2 + M 3 = 
24m 2 — 4 F-classes. 

Finally, as G/G' = C 2 '"2 x C4, the commutative part of QG is the direct 
sum of Nq = 4m 2 + 2 fields, while the commutative part of FG is the direct 
sum of Mq = 8m 2 — 6 fields. We conclude that QG is the direct sum of 
Nq = 4m 2 + 2 fields and iV — Nq = 8m 2 + 6 quaternion algebras, while FG is 
the direct sum of Mq = 8m 2 — 6 fields and M — Mq = 16m 2 + 2 quaternion 
algebras. 

(iii.c) Assume mi = 1, m 2 > 3 and 7713 > 3. We also assume m 2 > 7713 (by 
symmetry, the numbers we obtain will be the same if m.3 > m 2 ) and suppose 
first that m 2 > m^. 

Again we have s = t\, but here Z{G) = G 2 x Gi m i x G 2 »"3, a group with 
N\ = 2[2 ms (3 + m 2 -m 3 )- 2] = 2 m3+1 (3 + m 2 -m 3 ) -4 cyclic subgroups, 20 
of which are generated by elements of order at most 4. So the centre contains 
Ni Q-classes and M x = 20 + 2(^-20) = 2 ms+2 (3 + m 2 -m 3 )-28 F-classes. 
Now (Z(G),x)/{s) = {x,U) ^ G 2 m 2 +i xG 2 - 3 has 2 m3 (3 + m 2 + l-m 3 )-2 = 
2 m3 (4 + m 2 — 7713) — 2 cyclic subgroups, ten generated by elements of order 
at most 4. So there are 2 m3 (4 + m 2 - m 3 ) - 2 Q-classes and 10 + 2[2 ma (4 + 
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777,2 — nis) — 2 — 10] = 2 m3+1 (4 + rri2 — fnz) — 14 F-classes in this group. As 
Z(G)/(s) = C 2 m 2 x C2 m z has 2 m3 (3 + 771,2 — 7713) — 2 cyclic subgroups, ten 
generated by elements of order at most 4, this group has 2 m3 (3+m2 — 7773) — 2 
Q-classes and 10 + 2[2 m3 (3 + m 2 - m 3 ) - 2 - 10] = 2 m3+1 (3 + m 2 - m 3 ) - 14 
F-classes. Lemma 12.51 gives N 2 = 2™ 3 Q-classes and M 2 = 2 m3+1 F-classes 
involving x. The situation with xy is the same as with x, so N4 = N 2 and 
M 4 = M 2 . Turning to y, we have (Z(G),y)/(s) = (t 2 ,y) = C 2 ™ 2 x C 2 m 3 +i 
with 2 m3+1 [3 + 7772 -(7773 + 1)] -2 = 2 m3+1 (2 + 7772 -777 3 )-2 cyclic subgroups, 
ten generated by elements of order at most 4. So there are 2 m3+1 (2 + 7772 — 
7773) - 2 Q-classes and 10 + 2[2 m3+1 (2 + m 2 - m 3 ) - 2 - 10] = 2 m3+2 (2 + 
m2 — 7773) — 14 F-classes in this group and hence A3 = 2 m3 (l + 7772 — 7773) 
Q-classes and M3 = 2 m3+1 (l + 7772 — 7773) -F-classes involving y. In all, 
there are A = N ± + 2A 2 + A 3 = 2 m3 (9 + 3tt72 - 3t77 3 ) - 4 Q-classes and 
M = Mi + 2M 2 + M 3 = 2 m3+1 (9 + 3tt72 - 3t77 3 ) - 28 F-classes. 

Finally, as G/G' ^ G 2 m 2 +i x C 2 m 3 +i , the commutative part of QG is the 
direct sum of A = 2 m3+1 [3+(m 2 + l)-(m3 + l)]-2 = 2 m3+1 (3+7772-7773) -2 
fields, while the commutative part of FG is the direct sum of Mq = 10 + 
2(N - 10) = 2N - 10 = 2 m3+2 (3 + 7772 - 7773) - 14 fields. We conclude 
that QG is the direct sum of iV fields and N - N = 2 m3 (3 + 777 2 - 7773) - 2 
quaternion algebras, while FG is the direct sum of Mq fields and M — Mq = 
2 m3+1 (3 + 7772 — ^3) — 14 quaternion algebras. 

Suppose 7772 = 1^3- We have s = ti and 2(G) = C 2 x C 2 m 2 x C 2 m 2 , a group 
with Ni = 2[2™ 2 • 3 - 2] = 2 m2+1 • 3 - 4 cyclic subgroups, 20 of which are 
generated by elements of order at most 4. So the centre contains N\ Q-classes 
and Mi = 20 + 2(JVi - 20) = 2 m2+2 -3-28 F-classes. Now {Z(G),x)/(s) = 
(x,ta) ^ C 2 m 2 +i x C 2 m 2 has 2 m2 (3 + 1) = 2 m2+2 cyclic subgroups, ten 
generated by elements of order at most 4. So there are 2 m2+2 Q-classes and 
10 + 2[2 m2+2 - 10] = 2 m2+3 - 10 F-classes in this group. As Z{G)/(s) = 
C 2 m 2 x C 2 ™ 3 has 2 m2 -3 cyclic subgroups, ten generated by elements of order 
at most 4, this group has 2 m2 • 3 Q-classes and 10 + 2(2™ 2 • 3 - 10) = 2 m2+1 • 
3-10 F-classes. Lemma [23] gives N 2 = 2 m2 Q-classes and M 2 = 2 m2+1 
F-classes involving x. Since (Z(G), xy) / (s) = (xy,t 3 ), the situation with xy 
is the same as with x. We have ./V4 = ./V2 and M4 = M 2 . Turning to y, we 
have (Z(G),y)/{s) = (h,y) ^ C 2 - 2 xC 2 m 2 +i with 2 m2 (3 + l)-2 = 2 m2+2 -2 
cyclic subgroups, ten generated by elements of order at most 4. So there are 
2 m 2 +2 _ 2 Q. c i asses an d 10 + 2[2 m2+2 - 2 - 10] = 2 m2+3 - 14 F-classes in 
this group and hence A3 = 2™ 2 — 2 Q-classes and M3 = 2 m2+1 — 4 F-classes 
involving y. In all, there are N = Aq + 2A 2 + A 3 = 2 m2 (9) - 6 Q-classes 
and M = Mi + 2M 2 + M 3 = 2 m2+1 (9) - 32 F-classes. 

Finally, as G/G' ^ C 2 m 2 +i x the commutative parts of QG and of 

FG are as before: A = 2 m2+1 • 3 - 2 and Mq = 2 m2+2 -3-14. We conclude 
that QG is the direct sum of Ao fields and A — Ao = 2 m2 -3 — 4 quaternion 
algebras, while FG is the direct sum of M fields and M-M = 2 m2+1 - 3- 18 
quaternion algebras. 
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(iv.a) Assume mi = 2, m2 = m% = 1. Then s = t\ and Z(G) = C4 x 
Ci x C2 has 12 cyclic subgroups, all of suitably small order, so the centre 
has 12 K-classes whether K = Q or a field of order g = 3 (mod 8). Now, 
(Z(G),x)/ (s) = C2 x C4 x C2 has twelve cyclic subgroups and Z{G)/{s) = 
Ci x C2 x C2 has eight, so there are four .fT-classes involving x. Similarly, 
there are also four classes involving y and four involving xy (because (xy) 2 = 
st 2 t 3 ), giving 12 + 3 • 4 = 24 ^-classes in all. Since, G/G' = C 2 x C 4 x C 4 
has 20 /f-classes, it follows that KG is the direct sum of 20 fields and four 
quaternion algebras. 

(iv.b) Assume m-i > 3, m<i = 7713 = 1. Here Z{G) = C2 m i x C2 x C2 has 
4(mi + l) = 4mi+4 cyclic subgroups, twelve of order at most 4, so the centre 
has JVi = Ami + 4 Q-classes and Mi = 12 + 2(iV 1 - 12) = 8mi - 4 F-classes. 
Now, (Z(G), x)/{s) ^ C 2mi -i x C 4 x C 2 has 2 • 4[3 + (mi - 1) - 2) - 2] = 
8m 1 — 4 cyclic subgroups, 20 of order at most 4, so this group has 8m 1 — 4 
Q-classes and 20 + 2(8mi — 4 — 20) = 16mi — 28 F-classes. The group 
Z(G)/(s) = C 2 m r i x C2 x C2 has 4mi cyclic subgroups, of which eight 
are generated by elements of order at most 4, giving 4mi Q-classes and 
8 + 2(4mi — 8) = 8mi — 8 F-classes. Using Lemma 12.51 we see that there 
are N2 = 4mi — 4 Q-classes and M2 = 8mi — 20 F-classes involving x. The 
numbers are the same for classes involving y and xy. In all, we have N = 
Ni + 3N 2 = 16mi - 8 Q-classes and M = M 1 + 3M 2 = 32m x - 64 F-classes. 
Since, G/G' ^ C ri -ixC 4 xC 4 has |(16-l) + (mi-l-2)2 4 + l = 16mi-12 
cyclic subgroups, 36 of which are generated by elements of order at most 4, 
there are iV = 16mi - 12 Q-classes in G/G' and M = 36 + 2(iV - 36) = 
32mi — 60 -F-classes. It follows that QG is the direct sum of 16mi — 12 
fields and iV — iVo = 4 quaternion algebras while FG is the direct sum of 
32mi — 60 fields and four quaternion algebras. 

(v. a) Suppose mi = 2, m-2 = 1, m^ = 2. (The conclusions when mi = 2, 
?7i2 = 2, 7713 = 1 are the same.) Here we have Z(G) = C4 x C2 x C4 and 
s = t\ . The centre has 20 cyclic subgroups all of order at most 4, so there 
are 20 Q-classes and 20 F-classes. The group {Z(G), x) / (s) = (ti,x,ts) = 
C2 x C4 x C4 has 20 cyclic subgroups and Z(G)/(s) = C2 x C2 x C4 has 12, 
so there are eight i^-classes involving x where K is any field of characteristic 
different from 2. Also (Z(G), y)/(s) = XC2XC2XC8 has 16 cyclic subgroups, 
12 of which are generated by elements of order at most 4. This gives four 
Q-classes and 12 + 2 • 4 — 12 = 8 F-classes involving y. Since (xy) 2 = st2ts, 
(Z(G),xy) /(s) = (ti,t2,xy) = C2 x C2 x Cg has 16 cyclic subgroups, 12 of 
which are generated by elements of order at most 4. This gives another four 
Q-classes involving xy and 12 + 2 • 4 — 12 = 8 F-classes. In all, this group 
has 20 + 8 + 4 + 4 = 36 Q-classes and 20 + 8 + 8 + 8 = 44 F-classes. 

Since G/G' = C2 xC*2 XC4, we see that K[G/G'] has 12 simple components 
whether K = Q or K = F. Thus QG is the direct sum of 12 fields and 24 
quaternion algebras while FG is the direct sum of 12 fields and 34 quaternion 
algebras. 
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(v.b) Suppose mi > 3, = 1, m 3 = 2. (By symmetry, the case mi > 3, 
m-2 = 2, m 3 = 1 will yield the same results.) Here we have Z(G) = C2 m i x 
C2 x C 4 , a group with 2[4(3 + mi — 2) — 2] = 8mi + 4 cyclic subgroups, 
20 of order at most 4, so there are N\ = 8mi + 4 Q-classes and Mi = 
20 + 2(8mi + 4 - 20) = 16mi - 12 F-classes. The group (Z{G),x)/(s) = 
(h,x,t^) 9* Gv*x x C 4 x C 4 has |(16 - 1) + (mi - 2)2 4 + 1 = 16mi + 4 cyclic 
subgroups, of which 36 are generated by elements of order at most 4, we 
have 16mi + 4 Q-classes and 36 + 2(16mi + 4 — 36) = 32mi — 32 F-classes. 
Since Z(G)/(s) x C^-i x C 2 x C 4 has 2[4(3 + mi - 1 - 2) - 2] = 8mi - 4 
cyclic subgroups, of which 20 are generated by elements of order at most 
4, it has 8mi - 4 Q-classes and 20 + 2(8mi - 4 - 20) = 16mi - 28 F- 
classes. By Lemma 12. 5| there are N2 = 8m 1 + 8 and M2 = 16mi — 4 
F-classes involving x. Now (Z(G),y)/(s) = C 2 m 1 -i x C 2 x Cg has 2 [8(3 + 
mi — 1 — 3) — 2] = 16mi — 20 cyclic subgroups, 20 of which are generated 
by elements of order at most 4. This implies 16mi — 20 Q-classes and 
20 + 2(16mi - 20 - 20) = 32m x - 60 F-classes, so there are iV 3 = 8mi - 16 
Q-classes and M 3 = 16mi — 32 F-classes involving y. Since (xy) 4 = t$, 
(Z (G) , xy) I (s) = (ti,t2,xy) = C 2 m r i x C2 x Cg, the numbers iV 4 ,M 4 are, 
respectively, N 3 ,M 3 . In all, this group has N = iVi + iV 2 + 2iV 3 = 32mi - 20 
Q-classes and M = Mi + M 2 + 2M 3 = 64mi - 80 F-classes. 

Since G /G' ^ C %mx -x x C 2 x C 4 has 2[4(3+mi - 1 -2) - 2] = 8m a - 4 cyclic 
subgroups, of which 20 are generated by elements of order at most 4, we see 
that there are N = 8mi-4 Q-classes and M = 20+2(iV -20) = 16mi-28 
-F-classes in G/G' . It follows that QG is the direct sum of 8mi — 4 fields 
and 24m,i — 16 quaternion algebras while FG is the direct sum of 16mi — 28 
fields and 48mi — 52 quaternion algebras. 

(v.c) Suppose mi = 2, m-2 = 1, m 3 > 3. Here we have Z(G) = C 4 xC2xC2™-3 
and s = ti- The centre has 2 [4(3 + m 3 — 2) — 2] = 8m 3 + 4 cyclic subgroups, 
of which 20 are generated by elements of order at most 4, so there are 
Ni = 8m 3 + 4 Q-classes and Mi = 20 + 2(iVi - 20) = 2Aq - 20 = 16m 3 - 12 
F-classes. The group (Z(G),x)/{s) = {ti,x,t 3 ) = C2 x C 4 x C2 m s has 
2 [4(3 + m 3 — 2) — 2] = 8m 3 + 4 cyclic subgroups, of which 20 are generated 
by elements of order at most 4, giving 8m 3 + 4 Q-classes and 20 + 2(8m 3 + 
4 - 20) = 16m 3 - 12 F-classes. The group Z(G)/(s) x C 2 x C 2 x C 2 ™3 has 
4(m 3 + 1) cyclic subgroups, of which 12 are generated by elements of order 
at most 4, so there are 4m 3 + 4 Q-classes and 12 + 2(4m 3 + 4 — 12) = 8m 3 — 4 
F-classes. By Lemma 12.51 we have ^2 = 4m 3 Q-classes and M2 = 8m 3 — 8 
F-classes. Now (Z(G),y)/{s) C 2 x C 2 x C 2 m 3+ i and (Z(G),xy)/(s) = 
(ti,t2,xy) is the same group. Each has 4(m 3 + 2) cyclic subgroups, 12 of 
which are generated by elements of order at most 4. This gives 4m 3 + 8 
Q-classes and 12 + 2(4m 3 + 8 — 12) = 8m 3 + 4 F-classes in each case, 
hence iV 3 = iV 4 = 4 Q-classes and M 3 = M 4 = 8 F-classes involving y. 
In all, this group has N = N x + N 2 + 2N 3 = 12m 3 + 12 Q-classes and 
M = Mi + M 2 + 2M 3 = 24m 3 - 4 F-classes. 
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Since G/G' = ^x^x^+i has jV = 2[4(3+m 3 + l-2)-2] = 8m 3 + 12 
cyclic subgroups, of which 20 are generated by elements of order at most 4, 
this group has M = 20 + 2(N - 20) = 16m 3 + 4 F-classes. It follows that 
QG is the direct sum of 81713 + 12 fields and 4777.3 quaternion algebras while 
FG is the direct sum of 16771.3 + 4 fields and 8777-3 — 8 quaternion algebras. 

(v.d) Suppose mi > 3, 771,2 = 1 and 7713 > 3. (The numbers when mi > 3, 
7712 > 3 and 7713 = 1 are the same, by symmetry.) There are several subcases. 

First suppose mi > 777.3 + 2. We have Z(G) = C 2 ™-i x C2 x C 2 ™?, which 
contains N\ = 2[2 m3 (3 + m 1 - m 3 ) - 2] = 2 m3+1 (3 + m x - m 3 ) - 4 cyclic 
subgroups, of which 20 are generated by elements of order at most 4. So we 
have Ni Q-classes and M x = 20 + 2{N X - 20) = 2 m3+2 (3 + m 1 - m 3 ) - 28 F- 
classes. Let i? = {2(G), x). Then il/(s) = (*T,x,*3) ^ C 2rai -i x C 4 x C 2 ™ 3 , 
a group containing |(15) + 3 • 4(2 ma - 4) + (mi - 1 - 77i 3 )2 m3+2 + 1 = 
2 m 3+2( 2 + mi - m 3 ) - 12 cyclic sub groups, and hence this number of Q- 
classes, 36 of which correspond to subgroups generated by elements of order 
at most 4. This gives 2 m3+3 (2 + mi — m 3 ) — 60 F-classes in H/(s). Now 
Z(G)/(s) 9* C ri -ixC 2 xC2-3 has2 m3+1 (3 + mi-l-m 3 )-4 = 2 m3+1 (2 + 
mi — 777.3) — 4 cyclic subgroups, and hence this number of Q-classes, 20 of 
which correspond to subgroups generated by elements of order at most 4. 
This gives 2 m3+2 (24-7ni — 7713) — 28 F-classes in Z(G)/(s). Using Lemma l231 
we get N 2 = 2 m3+1 (2 + mi — 7713) — 8 Q-classes involving x and M2 = 
2™3+2( 2 + mi - m 3 ) - 52 F-classes. 

Let H = (Z(G),y). Then H/(s) = (h,h,y) = C 2mi -i x C 2 x C 2 m 3 +i, a 
group containing 2{2 m3+1 [3+(mi-l)-(m 2 +l)]-2} = 2 m3+2 (l+ mi— m 3 J— 4 
cyclic subgroups, and hence this number of Q-classes, 20 of which correspond 
to subgroups that are generated by elements of order at most 4. This gives 
2 m3+3 (l + mi — ^3) — 28 F-classes in H/(s). Using Lemma 12.51 we get 
_/V 3 = 2 m3+1 (mi — m 3 ) Q-classes involving y and M 3 = 2 m3+2 (mi — m 3 ) 
F-classes. The situation is the same with xy, so the numbers N4, M4 of 
Q- and F-classes involving xy are A^ 3 ,M 3 , respectively. In all, we have 
N = Ni + N 2 + 2iV 3 = 2 m3+1 (5 + 4mi - 4m 3 ) - 12 Q-classes and M = 
M 1 + M 2 + 2M 3 = 2 m3+2 (5 + 4mi - 4m 3 ) - 80 F-classes. 

Finally, we have G/G' = (ti,x,y) = C 2 m 1 -i x C4 x C 2 m 3 +i, which has 
AT = |(16 - 1) + 3 • 4(2 m3+1 - 4) + [(mi - 1) - (m 3 + l)]2 2+m3+1 + 1 = 
2^3+3(1 + mi - m3 ) - 12 cyclic sub groups, of which 36 are generated by 
elements of order at most 4, so the number of Q-classes in G/G' is iVo and 
the number of F-classes is M = 36 + 2(iV -36) = 2 m3+4 (l +mi - m 3 ) - 60. 

We find that QG is the direct sum of N fields and N - N = 2 m3+1 
quaternion algebras, while FG is the direct sum of Mq fields and M — Mq = 
2 m3+2 — 20 quaternion algebras. 

Now suppose mi = m 3 + 2. We have Z(G) = C 2 m 3 +2 x C 2 x C 2 ™-z which 
contains N\ = 2[2 m3 (3 + m 3 + 2 - m 3 ) - 2] = 2 m3+1 (5) - 4 cyclic subgroups, 
of which 20 are generated by elements of order at most 4. So we have 
Ni Q-classes and M x = 20 + 2(Ni - 20) = 2 m3+2 (5) - 28 F-classes. Let 
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H = {2(G), x). Then H/(s) = (ti,x,t 3 ) ^ C 2 ™ 3+ i x C 4 x C 2 ™ 3 , a group 

containing |(15) + 3 • 4(2 m3 - 4) + 2 m3+2 + 1 = 2 m3+3 - 12 cyclic subgroups, 

and hence this number of Q-classes, 36 corresponding to subgroups generated 

by elements of order at most 4. This gives 2 m3+4 — 60 F-classes in H/(s). 

Now Z(G)/(s) = C 2 m 3 +i x C 2 x C 2 -3 has 2 m3+3 - 4 cyclic subgroups, and 

hence this number of Q-classes, 20 corresponding to subgroups generated by 

elements of order at most 4. This gives 2 m3+4 — 28 F-classes in Z(G)/(s). 

Using Lemma 12.51 we get N 2 = 2 m3+3 — 8 Q-classes involving x and M 2 = 
2 m 3 +4 _ 52 i?. c i asses . 

Let H = (Z(G),y). Then H/(s) = (h,h,y) = C 2 m. A +i x C 2 x C 2 m 3 +i, a 
group containing 6(2 m3+1 ) — 4 = 3(2 m3+2 ) — 4 cyclic subgroups, and hence 
this number of Q-classes, 20 of which correspond to subgroups generated by 
elements of order at most 4. This gives 3(2 m3+3 ) — 28 -F-classes in H/(s). 
Using Lemma [231 we 

get N 3 = 2 m3+2 Q-classes involving y and M 3 = 2™ 3+3 
-F-classes. The situation is the same with xy, so the numbers N±,M± of 
Q- and F-classes, involving xy, respectively, are the same as N 3 ,M 3 . In 
all, we have N = N x + N 2 + 2N 3 = 13(2 m3+1 ) - 12 Q-classes and M = 
Mi + M 2 + 2M 3 = 13(2™ 3+2 ) - 80 F-classes. 

Finally, we have G/G' = (ti,x,y) = C 2 m 3 +i x C4 x C 2 m 3 +i, which has 
N = 1(16 - 1) + 3 • 4(2 m3+1 - 4) + 1 = 12(2 m3+1 ) - 12 cyclic subgroups, of 
which 36 are generated by elements of order at most 4, so the number of Q- 
classes in G/G' is iVo and the number of F-classes is Mq = 36 + 2(iVo — 36) = 
24(2 m3+1 ) - 60. 

We find the QG is the direct sum of iV fields and N - N = 2 m3+1 
quaternion algebras, while FG is the direct sum of Mq fields and M — Mq = 
2«i 3 +2 _ 20 quaternion algebras. 

Finally, suppose m 3 > m\. We have Z(G) = C 2 «n x C 2 x C 2 ™ 3 which 
contains N\ = 2 mi+1 (3 + m 3 — mi) — 4 cyclic subgroups, of which 20 are 
generated by elements of order at most 4. So we have N\ Q-classes and 
Mi = 20 + 2(JVi - 20) = 2 mi+2 (3 + m 3 - mi) - 28 F-classes. Let H = 
(Z(G),x). Then H/{s) = (ti,x,t 3 ) = C 2 mi-x xC4xC 2 »"3 , a group containing 
2 mi+1 (4+m 3 — m 2 ) — 12 cyclic subgroups, and hence this number of Q-classes, 
36 corresponding to subgroups generated by elements of order at most 4. 
This gives 2 mi+2 (4 + m 3 - mi) - 60 F-classes in H/(s). Now Z(G)/(s) = 
C-jmx-i x C 2 x C 2 m 3 has 2 mi (4+m 3 — mi) — 4 cyclic subgroups, and hence this 
number of Q-classes, 20 of which correspond to subgroups that are generated 
by elements of order at most 4. This gives 2 mi+1 (4 + m 3 — mi) — 28 F-classes 
mZ(G)/(s). Using Lemma [23| we get N 2 = 2 mi (4 + m 3 — mi) — 8 Q-classes 
involving x and M 2 = 2 mi+1 (4 + m 3 — mi) — 32 F-classes. 

Let H = {Z(G),y). Then H/(s) = (h,h,y) ^ C 2mi -i x C 2 x C 2 m 3 +i, 
a group containing 2 mi (5 + m 3 — mi) — 4 cyclic subgroups, and hence this 
number of Q-classes, 20 corresponding to subgroups generated by elements 
of order at most 4. This gives 2 mi+1 (5 + m 3 — mi) — 28 F-classes in H/(s). 
Using Lemma EU we get iV 3 = 2 mi Q-classes involving y and M 3 = 2 mi+1 
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F-classes. The situation is the same with xy, so the numbers JV4, M4 of 
Q- and F-classes, involving xy are, respectively, iV 3 ,M 3 . In all, we have 
N = Ni+ N 2 + 2Nz = 2 mi (12 + 3mi - 3m 3 ) - 12 Q-classes and M = 
M 1 + M 2 + 2M 3 = 2 mi+1 (12 + 3mi - 3m 3 ) - 60 F-classes. 

Finally, we have G/G' = (ti,x,y) = C 2 m 1 -i x G4 x C 2 m 3 +i, which has 
iVo = 2 mi+1 (5 + m 3 — mi) — 12 cyclic subgroups, of which 36 are generated 
by elements of order at most 4, so the number of Q-classes in G/G' is Ao and 
the number of F-classes is M = 36 + 2(A -36) = 2 mi+2 (5 + m 3 -mi) - 60. 

We find the QG is the direct sum of A fields and N - A = 2 mi (2 + 
m 3 — mi) quaternion algebras, while FG is the direct sum of Mq fields and 
M — Mq = 2 mi+1 (2 + m 3 — mi) quaternion algebras. 

(vi.a) Suppose mi = m 2 = m 3 = 2. Thus s = t\ and 2(G) = G4 x G4 x G4 
has 36 cyclic subgroups all of order at most 4, so there are 36 A-classes in 
the centre whether K = Q or a field F of order q = 3 (mod 8). The groups 
(Z(G),x)/(s) = (h,x,h), (Z(G),y)/(s) = (h^y) and (Z (G) , xy) / (s) = 
(ti,t 2 ,xy), each being isomorphic to C 2 x Cg x C4, have 28 cyclic subgroups 
each, 20 of order at most 4. So each has 28 Q-classes and 20 + 2(8) = 36 
F-classes. The group Z(G)/{s) = C 2 x C4 x C4 has 20 F^-classes, whether 
K = Q or K = F, so there are eight Q-classes involving each of x, y, xy and 
16 F-classes. In all, the group algebra QG in this case has 36 + 3(8) = 60 
simple components while FG has 36 + 3(16) = 84. 

Also G/G' = C 2 x Cg x Cg has 44 cyclic subgroups, 20 of order at most 
4, so the commutative part of QG is the direct sum of 44 fields and the 
commutative part of FG is the direct sum of 20 + 2(24) = 68 fields. Thus 
QG is the sum of 44 fields and 16 quaternion algebras while FG is the sum 
of 68 fields and 16 quaternion algebras. 

(vi.b) Assume mi = 2, m 2 > 3 and m 3 = 2. (By symmetry, the case mi = 2, 
m 2 = 2, m 3 > 3 will yield the same results.) We have Z(G) = G4 x C 2 m 2 x G4 
with Ni = |(4 2 — 1) + (m 2 - 2)2 2+2 + 1 = 16m 2 + 4 cyclic subgroups, 36 of 
which are generated by elements of order at most 4, so there are N\ Q-classes 
and Mi = 20 + 2(i\q - 20) = 32m 2 - 28 F-classes. 

Let H = {Z(G),x). Then H/{s) = (h,x,t^) ^ G 2 x G 2 m 2 +i x G 4 has 
2 [4(3 + m 2 + 1 — 2) — 2] = 8m 2 + 12 cyclic subgroups (and hence Q-classes), 
of which 20 are generated by elements of order at most 4, so that are 16m 2 +4 
F-classes here. We have Z(G)/(s) = C 2 x G 2 ™ 2 x G4 with 8m 2 + 4 cyclic 
subgroups (and hence Q-classes) , of which 20 are generated by elements of 
order at most 4, giving 16m 2 — 12 F-classes. With the help of Lemma |2.5( 
we learn that there are A^ 2 = 8 Q-classes and M 2 = 16 F-classes involving 
x. 

Let H = (Z(G),y). Then H/(s) = (h,h,y) = G 2 x G 2 - 2 x G 8 has 
16m 2 — 4 cyclic subgroups (and hence Q-classes), of which 20 are generated 
by elements of order at most 4, so that are 32m 2 — 28 F-classes here. From 
Lemma |2.5[ we discover = 8m 2 — 8 and M 3 = 16m 2 — 16. The situation 
with xy is similar. The numbers A4,M4 are A 3 ,M 3 , respectively. In all we 
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have N = Ni+N 2 + 2N 3 = 32m 2 - 4 Q-classes and M = M 1 + M 2 + 2M 3 = 
64m2 — 44 F-classes. 

Now G/G' = C2 x C 2 m 2 +i x Cg, so previous calculations give No = I6777.2 + 
14 Q-classes and M$ = 32m,2+8 F-classes. In this situation, QG is the direct 
sum of iVo fields and N — Nq = \Qrri2 — 18 quaternion algebras and FG is 
the direct sum of Mq fields and M — Mq = 32rri2 — 52 quaternion algebras. 

(vi.c) Assume mi > 3, m 2 = 2 and m 3 > 2. (The case mi > 3, m 2 > 3, 
r«3 = 2 is the same, by symmetry.) 

First suppose mi > m 3 + 2. We have Z(G) = C2 m i x C4 x C 2 ^3 with 
Ni = |(2 4 -l)+3-4(2 m3 -4) + (mi-m 3 )2 m3+2 + l = 2 m3+2 (3+mi -m 3 )-12 
cyclic subgroups, 36 of which are generated by elements of order at most 4, 
so there are Ni Q-classes and Mi = 36+2(iVi-36) = 2 m3+3 (3+mi -m 3 )-48 
F-classes. 

Let H = (Z(G),x). Then fT/(a) = (h,x,t^) ^ C^-i x C 8 x C 2 m 3 has 
|(4 3 -l) + 3(8)(2 m2 - 8) + (mi -l-m 3 )2 m3+3 + l = (2 + mi - m 3 )2 m3+3 - 
44 cyclic subgroups (and hence Q-classes), of which 36 are generated by 
elements of order at most 4, so that are 2 m3+4 (2 + mi — m 3 ) — 124 F- 
classes here. We have Z(G)/(s) = C 2 m 1 -i x C 4 x C 2 m 3 with |(4 2 - 1) + 3 • 
4(2 m3 - 4) + (mi - 1 - m 3 )2 m3+2 + 1 = 2 m3+2 (2 + mi - m 3 ) - 12 cyclic 
subgroups (and hence Q-classes) , of which 36 are generated by elements of 
order at most 4, giving 2 m3+3 (2 + mi — m 3 ) — 60 F-classes. With the help 
of Lemma 12.51 we obtain N 2 = 2 m3+2 (2 + mi - m 3 ) - 32 Q-classes and 
M2 = 2 m3+3 (2 + mi — m 3 ) — 64 i^-classes involving x. 

Let H = (Z(G),y). Then H/{s) = {h,h,y) = C 2mi -i x C A x C 2m3 +i 
has |(4 2 - 1) + 3 ■ 4(2 m3+1 - 4) + [(mi - 1) - (m 3 + l)]2 m3+1 + 2 + 1 = (1 + 
mi — m 3 )2 m3+3 — 12 cyclic subgroups (and hence Q-classes), of which 36 are 
generated by elements of order at most 4, so that are 2 m3+4 (l+mi — m 3 ) — 60 
.F-classes here. By Lemma 12.5} we have iV 3 = 2 m3+2 (mi — m 3 ) Q-classes 
and M 3 = 2 m3+3 (mi — m 3 ) F-classes involving y. The situation with xy 
is similar. The numbers N/i,M/i are iV 3 ,M 3 , respectively. In all we have 
N = Ni + N 2 + 2iV 3 = 2 m3+2 (5 + 4mi - 4m 3 ) - 44 Q-classes and M = 
Mi + M 2 + 2Af 3 = 2 m3+3 (5 + 4mi - 4m 3 ) - 112 F-classes. 

Now G/G' = C 2 m. 1 -i x Cg x C 2 m 3j so previous calculations give ^0 = 
2 m 3+3( 2 + mi _ m 3 ) - 44 Q-classes and M = 2 m3+4 (2 + m x - m 3 ) - 124 
F-classes. In this situation, we see that QG is the direct sum of iVo fields 
and N — Nq = 2 m3+2 (l + 2mi — 2m 3 ) quaternion algebras and FG is the 
direct sum of M fields and M-M = 2 m3+3 (l + 2mi -2m 3 ) + 12 quaternion 
algebras. 

Now assume mi = m 3 + 1. We have Z{G) = C 2 m 3 +i x C4 x C2 m z with 
N\ = 2 m3+4 - 12 cyclic sub groups, 36 of which are generated by elements 
of order at most 4, so there are N\ Q-classes and Mi = 36 + 2{Ni — 36) = 
2^3+5 _ 48 Masses. 
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Let H = (Z{G),x). Then H/(s) = (h,x,t 3 ) C 2 ™ 3 x C 8 x C 2 » 3 has 
•32 m3+3 — 44 cyclic subgroups (and hence Q-classes), of which 36 are gener- 
ated by elements of order at most 4, so that are 2 m3+4 • 3 — 124 F-classes 
here. We have Z(G)/{s) = C 2 m 3 x C 4 x C 2 ™z with 2 m3+2 -3-12 cyclic 
subgroups (and hence Q-classes), of which 36 are generated by elements of 
order at most 4, giving 

2 m 3+3 . 3 _ go F-classes. With the help of Lemma EH 
we have N 2 = 3(2 m3+2 ) - 32 Q-classes and M 2 = 3(2 m3+3 ) - 64 F-classes 
involving x. 

Let H = (Z(G),y). Then H/(s) = (jk,h,v) = C 2 ™ 3 x C 4 x C 2 m 3+ i has 
2 m3+4 — 12 cyclic subgroups (and hence Q-classes), of which 36 are generated 
by elements of order at most 4, so that are 2 m3+5 - 60 F-classes here. By 
Lemma 12.51 we have iV 3 = 2 m3+2 Q-classes and M 3 = 2 m3+3 F-classes 
involving y. The situation with xy is similar. The numbers N4, M4 are 
N 3 , M 3 , respectively. In all we have N = Aq + N 2 + 2iV 3 = 9(2 m3+2 ) - 44 
Q-classes and M = M 1 + M 2 + 2M 3 = 9(2 m3+3 ) - 112 F-classes. 

Now G/G' = C 2 ™ 3 x Cg x C 2 m 3j so previous calculations give Nq = 
3(2 m3+3 )-44 Q-classes and M = 3(2 m3+4 )-124 F-classes. In this situation, 
we see that QG is the direct sum of N fields and N - N = 3(2 m3+2 ) 
quaternion algebras, and FG the direct sum of Mq fields and M — Mq = 
3(2 m3+3 ) + 12 quaternion algebras. 

Finally assume mi < m 3 . We have Z{G) = C 2 m 1 x C4 x C 2 ™ 3 with 
Ni = 2 mi+2 (3 + m 3 — mi) — 12 cyclic subgroups, 36 of which are generated 
by elements of order at most 4, so there are iVj Q-classes and M\ = 2 mi+3 (3+ 
m 3 — mi) — 60 F-classes. 

Let H = (Z(G),x). Then H/(s) = (h,x,t^) ^ C 2mi -i x C 8 x C 2 ™ 3 has 
(4 + m 3 — mi)2 mi+2 — 44 cyclic subgroups (and hence Q-classes), of which 
36 are generated by elements of order at most 4, so that are 2 mi+3 (4 + m 3 — 
mi) — 124 F-classes here. We have Z(G)/(s) = C 2 m 1 -i x C4 x C 2 ™ 3 with 
2 mi+1 (4 + m 3 — mi) — 12 cyclic subgroups (and hence Q-classes), of which 36 
are generated by elements of order at most 4, giving 2 mi+2 (4 + m 3 — mi) — 60 
F-classes. With the help of Lemma [231 we discover N 2 = 2 mi+1 (4 + m 3 — 
mi) — 32 Q-classes and M 2 = 2 mi+2 (4 + m 3 — m{) — 64 F-classes involving 
x. 

Let H = (Z(G),y). Then H/(s) = (h,h,y) = C 2mi -i x C 4 x C 2 m 3+ i has 
2 mi+ (5 + m 3 — mi) — 12 cyclic subgroups (and hence Q-classes), of which 
36 are generated by elements of order at most 4, so that are 2 mi+2 (5 + 
m 3 — mi) — 60 F-classes here. By Lemma 12.51 we obtain iV 3 = 2 mi+1 
Q-classes and M 3 = 2 mi+2 F-classes involving y. The situation with xy 
is similar. The numbers N^jM^ are N 3 ,M 3 , respectively. In all we have 
N = Ni + N 2 + 2N 3 = 2 mi+1 (12 + 3mi - 3m 3 ) - 48 Q-classes and M = 
Mi + M 2 + 2M 3 = 2 mi+2 (12 + 3m 3 - 3m x ) - 124 F-classes. 

Now G/G' = C 2 m 1 -i x C% x C 2 ™3, so previous calculations give iVo = 
2 mi+1 (8 + m 3 - mi) - 44 Q-classes and M = 2 mi+2 (8 + m 3 - mi) - 124 
F-classes. In this situation, we see that QG is the direct sum of iVo fields 
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and iV — iVo = 2 mi+1 (4 + 2m^ — 2m\) — 4 quaternion algebras, and FG the 
direct sum of Mq fields and M — Mq = 2 mi+2 (4 + 2ms — 2m\) quaternion 
algebras. 

Turning to the general situation, we now assume that G is a group from 
class X>5 with m\ > 3, mi > 3 and m.3 > 3. Lemma 17.11 allows to us to 
determine the number N\ of cyclic subgroups of 2(G), which is also the 
number of Q-classes. Since the centre contains 36 subgroups generated by 
elements of order at most 4 (subgroups lying in a copy of G4 x G4 x C4), the 
number of F-classes in the centre is M\ = 36 + 2(N\ — 36) = 2N\ — 36. 

Let a be the number of cyclic subgroups in 2(G) /(s) = C 2 m 1 -i x Cym^ x 
C2 m 3- Then this quotient contains a Q-classes and 36 + 2(a — 36) = 2a — 
36 F-classes. (Here is where the fact m\ — 1 > 2 is crucial.) Let H = 
(2(G), x) = (t\,x,tz). and let (3 be the number of cyclic subgroups of 
H/(s) ^ Cjjmj-i x C 2 m 2 +i x C 2 ™ 3 . Thus H/(s) has (3 Q-classes and 2/3 - 36 
F-classes. Lemma 12.51 then tells us there are N2 = (3 — a and M2 = (2(3 — 
36) — (2a — 36) = 2N 2 -F-classes involving x. 

Similarly, letting N3 and N4 denote the numbers of Q-classes involving 
y and xy, respectively and as usual, we have M3 = 2N3 and M4 = 2N^ 
F-classes involving x and y, respectively. So QG is the direct sum of N = 
N\ + N2 + iV~3 + N4 simple algebras, while FG is the direct sum of M = 
Mi + M 2 + M 3 + M 4 = (2iVi - 36) + 2N 2 + 2iV 3 + 2N 4 = 2N - 36 simple 
algebras. 

Let Nq be the number of cyclic subgroups of G/G' = (ti) X (x) x (y) = 
C 2 m 3 +i. Thus G/G' has iVo Q-classes and Mq = 2Nq — 36 
F-classes We conclude that QG is the direct sum of iVo fields and N — Nq 
quaternion algebras, while FG is the direct sum of Mq = 2Nq — 36 fields 
and M — Mq = 2(N — Nq) quaternion algebras. 

Theorem 7.2. Let G be a group of type with m\ > 3, m-2 > 3, m.3 > 3. 
Denote by Ni, N2, N%, N4 the number of cyclic subgroups of 2(G) and 
the numbers of Q-classes involving x, y and xy, respectively. (Note that 
these numbers can be determined by Lemma \7A\ and Lemma UFR ) Let N = 
N\ + N2 + iV"3 + 7V4 and let Nq be the number of cyclic subgroups of G/G' , 
a number that is also readily available using Lemma \7.1\ Then QG is the 
direct sum of Nq fields and N — Nq quaternion algebras. Let K be a finite 
field of odd order q. Then there are at least 2N — 36 simple components in 
the Wedderburn decomposition of KG. This minimal number is realized if 
q = 3 (mod 8), in which case KG is the direct sum of 2Nq — 36 fields and 
2(N — Nq) quaternion algebras, each necessarily a 2 x 2 matrix ring. 

8. The Structure of a Semisimple Finite-dimensional 
Alternative Loop Algebra 

An alternative ring is a ring that satisfies the right and left alternative 
laws, (yx)x = yx 2 and x(xy) = x 2 y. A Moufang loop is a loop that satisfies 
the (right) Moufang identity [(xy)z]y = x[y(zy)]. Any group is a Moufang 
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Table 1. The Seven Classes of Indecomposable RA Loops 



(8.2) 



Loop Class 


Centre 






Group Class 


= go 
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(ti) 
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©1 
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£.2 


(ti) 




ti 


©2 


ti 


£3 


(fa) x (fa) 


1 


fa 


©3 


1 


£4 


(fa) x (fa) 


ti 


fa 


Vi 


ti 


£5 


(ti) x (fa) x (fa) 


fa 


fa 


T> 5 


1 


£ 6 


(tl) x (fa) x (fa) 


fa 


fa 


V 5 


ti 


£7 


(tl) x (fa) x (fa) x (fa) 


fa 


fa 


T> 5 x (fa) 


fa 



loop and, in some respects, Moufang loops in general are not far removed 
from groups. They are, for example, diassociative (the subloop generated 
by any two elements is always associative), and there are a number of con- 
structions of Moufang loops which consist of "doubling" a group in various 
ways. We describe one of importance here. 

Let G be a nonabelian group with an involution g 1— > g* (an antiautomor- 
phism of order two) which is such that gg* € 2(G), the centre of G, for all 
g G G. Let go € 2(G) be an element fixed by * and let u be an element not 
in G. Extend the product in G to the set L = G U Gu by means of the rules 

g(hu) = (hg)u 
(gu)h = (gh*)u 
(gu)(hu) = g h*g 

for g,heG. Then L is a Moufang loop denoted M(G, *,g ). If G 1 2(G) ^ 
C2 x C2, then the commutator subgroup G' = {1, s} is central of order two 
and the involution on G is given by 



g if g e 2(G) 
sg if gi 2(G). 



In this situation, the loop L = M(G, *,go) is RA (ring alternative) by which 
we mean that over any (commutative associative) coefficient ring R (with 1), 
the loop ring RL is alternative, but not associative. In fact, this construc- 
tion accounts for all RA loops [GJM961 Theorem IV. 3.1]. In any RA loop 
M(G, *,go), the unique nonidentity commutator of G is a unique noniden- 
tity commutator and a unique nonidentity associator, which we consistently 
label s. 

It transpires that there are exactly seven classes of indecomposable finite 
RA loops [GJM96, Theorem V.3.1]. They are described in Tabled) In six of 
these classes, the groups defining the loops come from one of the five classes 
T>i, T>2, V3, V4, T>s introduced in Section [TJ In the seventh class, the groups 
are the direct products of a group in P5 with a cyclic group. 
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Our goal now is to show how to apply the results of previous sections in 
order to determine the number and nature of the simple components of KL, 
K a field of characteristic different from 2, in many situations. 

Let L = M(G,*,go) be an RA loop and let R denote a commutative, 
associative coefficient ring with 1. Then every element of the loop ring RL 
can be written x + yu with x, y £ RG: we write RL = RG + RGu. The 
involution on G extends to RG via (^cz g g)* = ^ct g g*, and multiplication 
in RL is given by 

(8.3) (a + bu)(x + yu) = (ax + goy*b) + (ya + bx*)u 

for a, b,x,y € RG. Defining ttq(x + yu) = x and ir u (x + yu) = y and also, 
for any subset S of RL, ttq(S) and n u (S) in the obvious way, we have the 
following elementary result. 

Proposition 8.1. If I is an ideal of RL, then ttq(I) = n u (I) is an ideal of 
RG which is invariant under * . Conversely, if J is an ideal of RG which is 
invariant under *, then I = J + Ju is an ideal of RL. 

Proof. Let I be an ideal of RL. The sets Iq = ttq(I) and I u = ir u (I) 
are certainly additive subgroups of RG. Let x\ € Iq- Then there exists 
x = x\ + X2U G I for some xi € RG. If a € RG, then a(x\ + X2u) = 
ax\ + (x2a)u £ I and [x\ + X2u)a = x\a + (x2a*)u € /, so ax\ and x±a 
are both in Iq. Thus Iq is an ideal of RG. Also, xu = goX2 + x\u € I, so 

£ Iu giving Iq C I u . Now let ^2 € I u - There exists x = x\ + £ ^ 
for some x\ S As seen, g§X2 Q Iq, so X2 = go 1 go%2 is in the ideal 

Iq. This shows that I u C Jg, so the sets are equal (and an ideal). Finally, 
u(xi + X2U) = 50^2 + x i u ^ ^ implies Iq Q I u = Ig- The other inclusion 
follows from Ig = (Iq)*. 

Conversely, if J is an ideal of RG which is invariant under *, then I = 
J+Ju is an additive group and the rule (|8.3p for multiplication in RL shows 
that I is closed under multiplication on the right and left. □ 

Now let L = M(G, *, g$) be a finite RA loop and suppose that K is a field 
such that charK \\G\. Then KG = A\ © A 2 © • • • © A n is the direct sum 
of simple rings which are minimal ideals of KG [GJM96, Theorem VI. 4. 3]. 
Writing 1 = e\ + e2 + ■ ■ ■ + e n as the sum of primitive idempotents ej G A« 
and s = si + S2 + • • • + s n , Sj € Aj, then each s« is a central element that 
squares to 1 = ej in the simple ring Ai, so S{ = 7iej with 7, = ±1. (It will 
be important to remember that the case 7, = +e, occurs precisely when the 
component Aj is commutative |GJM96[ Proposition VI. 4. 6].) Since e* = ej, 
each Aj = (KG)e{ is invariant under *, so -Bj = Aj + A^u is an ideal of KL 
by Proposition ED and KL = B\ © S2 © • • • © B n . 

Clearly, for a,b,x,y € Ai, multiplication in Bi is defined by 

(a + bu)(x + yu) = (ax + jy*b) + (ya + 6x*)n, a, b,x,y e A i} 
with 7 the projection of 50 i n A^. 
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For x £ KL, define n(x) = xx*. This element is central in KL [GJM96, 
Corollary III. 4. 3] and so the restriction of n to A% is a multiplicative map — 
n(xy) = n(x)n(y) — into the field which is the centre of A{. Moreover n 
is nondegenerate on KL [GJM96, Proposition III. 5.1], so its restriction is 
nondegenerate on Ai. It follows that Ai and Bi are composition algebras — 
see Sections 1 and 2 of [ZSSS82, Chapter 2]. Since each Ai is either a field or 
a quaternion algebra [GJM96, Corollary VI. 4. 8], there are two possibilities 
for the algebra Bf. 

• if Ai is a field, Bi = Aj © A, or a separable quadratic field; 

• if Ai is a quaternion algebra, Bi is a so-called Cayley algebra, a 
certain 8-dimensional algebra which is not associative. 

In the case that Ai is a field and Bi = Ai © Ai, the algebra Bi is called split, 
a case guaranteed if u 2 is the square of an element in Ai — see [GJM961 p. 17] 
or [ZSSS821 p. 30]. Any Cayley algebra is similarly either a division algebra 
or a unique split algebra, the latter occurring if and only if Bi contains a 
nontrivial idempotent (there are other equivalent conditions). 
We have established most of the content of this theorem. 

Theorem 8.2. Let L = M(G, *,go) = G U Gu be a finite RA loop and K a 
field of characteristic not dividing \L\. Then the group algebra KG = ©Aj 
is the direct sum of simple algebras Ai, each a field or a quaternion algebra 
and the loop algebra KL = ffi(Aj + Aiu) is the direct sum of simple algebras 
Bi = Ai + AiU, each a field, or the direct sum Ai © Ai of two fields if Ai is 
a field, or a Cayley algebra. 

Suppose that L is a loop in one of the five classes £1, . . . , £5 and that there 
are n fields and m quaternion algebras in the decomposition of KG. Then 
the loop algebra KL is the direct sum of In fields and m Cayley algebras. 

Proof. It remains just to prove the last statement. In the cases of £1, £3 and 
£5, we have u 2 = 1. Let u = |(1 + u) and let e be an idempotent defining 
the simple component Ajj that is, Ai = (KG)ei. Then eu = \e + \eu S Bi 
is idempotent, but neither nor 1, because the support^] of \e is in G while 
none of the support of \eu is in G. Thus Bi is not a field. In the case of 
£2 and £4, we have u 2 = t\ = x 2 . Set v = x~ 1 u. Then v 2 = s so v 4 = 1. 
Set v = 1(1 + v + v 2 + v 3 ) = \(1 + v + s + sv) = |(1 + v)(l + s). Thus 
ve = o e (l + v ) m the field Ai and hence, as in the first case, this is an 
idempotent different from 0, 1 in Bi. □ 

Remark 8.3. If L belongs to or £7, it may or may not be the case that a 
field in the decomposition of KG splits into two fields in the decomposition 
of KL. General conditions are messy to write down though in any specific 
case, the above methods still permit us to describe the structure of KL. 
Many examples are given in Section [H 



The support of an element a = ^2 a g g in a loop ring is the set of loop elements g that 
actually appear in the representation of a, that is, with nonzero coefficients. 



38 RAUL A. FERRAZ, EDGAR G. GOODAIRE, AND CESAR POLCINO MILIES 

A Negative Answer to the Isomorphism Problem for Loops. It is 

well known that given two groups G and H and a field K, an isomorphism 
KG = KH need not imply G = H. For example, let G and H be abelian 
groups of the same order n, then CG and CH are each the direct sum of n 
copies of C. In 1963, R. Brauer asked a related question. Suppose G and H 
are groups such that KG = KH for all fields K. Is this stronger condition 
sufficient to guarantee G = H [Bra63, Problem 2*]? A famous example due 
to E. Dade answers this question in the negative |Dad71| . We present a 
similar example for RA loops. 

Let K be any field (of characteristic not 2) and let L = M(G, *,go) be a 
loop from the class C% with m\ = 1, = 2 and = 1. Let e £ KG be 
an idempotent such that Ai = (KG)e is a field. Since mi = 1, (tie) 2 = e, 
and so (the projection of) t\e is ±1 in the field A{. Clearly t\e is a square 
if it is +1, but also if it is —1 because t2e is a 4th root of unity in Ai (so 
he = foe) 2 ). Thus the composition algebra Ai + AiU splits into the sum 
of two copies of the field A { [GJM961 p. 17] or [ZSSS821 p. 30], and this 
occurs for each field appearing in the Wedderburn decomposition of KG. 
This is precisely what also happens for any loop M in the class £5 — see 
Theorem 18.21 In accordance with results in Section the loop algebras of 
either loop over the same field K are the direct sum of the same 28 fields and 
the same eight Cayley algebras; that is, we have KL = KM but L 9= M. 

Examples. If L = M(G, *, 1) is in class L\ with m > 2, Theorems 13.11 and 
18.21 tell us that QL is the direct sum of 8m fields and one Cayley algebra 
because QG is the direct sum of 4m fields and one quaternion algebra. The 
same theorems show that for a finite field K (of characteristic different from 
2), there are at least 2(8m — 12) + 2 = 16m — 22 simple components in the 
Wedderburn decomposition of KL. Moreover, if K = F is a finite field of 
order q = 3 (mod 8), then FL has precisely this number of simple compo- 
nents, of which 2(8m — 12) = 16m — 24 are fields and two are (necessarily 
split) Cayley algebras. 

Similarly, from Theorem 14.11 and Theorem 18.21 we know that if L = 
M(G,*, go) is an RA loop of type £2 and m > 3, then QL is the direct 
sum of 4m + 4 fields and one Cayley algebra while, if K is a finite field of 
characteristic different from 2, KL is the direct sum of at least 2(4m— 2)+2 = 
8m — 2 simple algebras, this number being achieved for finite fields of order 
q = 3 (mod 8). Specifically, with F such a field, the loop algebra FL is the 
direct sum of precisely 8m — 4 fields and two (split) Cayley algebras. 

9. Loops from class £ 7 

Turning to indecomposable loops from the class £7, which are formed 
by doubling groups of the form Go x (£4) with Go a group in class P5, 
experience shows that we will need to know the number of cyclic subgroups 
in the direct product of four cyclic groups, each of 2-power order. This 
information is given by our final lemma. 
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Lemma 9.1. Let A = C 2 <> x C 2 b x C 2 c X C 2 d be the direct "product of cyclic 
groups of orders 2 a , 2 b , 2 C and 2 d with a > b > c > d. The number of cyclic 
subgroups of A of order 2 k is 

• 15(2 3 ( fc - 1 )) ifl<k<d, 

• 7(2 d )2 2( - k -V ifd<k<c, 

• 3(2 c+d+k - 1 ) ifc<k<b, and 

• 2 b+c+d ifb<k<a. 

Including the trivial subgroup, in all, A has 

f(8 d - 1) + |(2 d )(4 c - A d ) + 2,{2 c+d ){2 b - 2 C ) + (a - b)2 b+c+d + 1 
cyclic subgroups. 

Proof. Suppose 1 < k < d. Then (t, u, v,w) € A has order 2 k if and only if 
(t, u, v, d) has order 2 k in a copy of C 2 k x C 2 k x C 2 k x C 2 k within A. The 
number of such elements is the order of C 2 k x C 2 k x C 2 k x C 2 k less the order 
of C 2 k-i x C 2k -i x C 2k -i x C 2k -i, which is 2 4k - 2 4 ( fc ~ x ) = 2 4 ( fc " 1 )(2 4 - 1) = 
15(2 4 ( fc-1 )). Since there are 4>(2 k ) = 2 k ~ 1 elements of order 2 k in any cyclic 
subgroup of order 2 k , the number of cyclic subgroups of order 2 k in this first 
case is 15(23(*-i)). In all, this gives 

15 + 15(2 3 ) + 15(2 6 ) + 15(2 9 ) + • • • + 15(2^-^) 

= 15(1 + 2 3 + 2 6 + • • • + 2 3 ( d -^) = f(2 3d - 1) 

cyclic subgroups of order 2 k with 1 < k < d. 

Suppose d < k < c. An element (t, u, v, w) has order 2 k if and only if it 
lives in a copy of C 2 k x C 2 k x C 2 k x C 2 d . Using Lemma 17-H the number of 
elements of order 2 k in A is 7(2 3 ( fc-1 ))2 rf and the number of cyclic subgroups 
of this order is 7(2 2 ( fc " 1 ))2 a! . In all, we have 

7(2 d )(2 2d + 2 2 ( d+1 ) + 2 2 ( d+2 ) H h 2 2 ( d ~ 1 )) 

= 7(2 d )(2 d )(l + 2 2 + 2 4 + • • • + 2 2{ - c - d -^ 

= 7(2 3d ) 22(c ' 3 d) - 1 = |(2 M )(2 2 ( c - rf ) - 1) = l(2 d )(2 2c - 2 2d ) 

cyclic subgroups with d < k < c. 

Suppose c < k < b. An element (t, u, v, w) has order 2 k if and only if it 
lives in a copy of C 2 k x C 2 k x C 2 c x C 2 <i. Using Lemma [57T] the number of 
elements of order 2 k with fe in the indicated range is 3(4 fc_1 )(2 c )(2 d ) and the 
corresponding number of subgroups is 3(2 k ~ 1 )(2 c+d ). In all, we have 

3(2 c+d )(2 c + 2 C+1 + 2 C+2 + • • • + 2 6 - 1 ) 

= 3(2 c+a! )(2 c )(l + 2 + 2 2 + • • • + 2 b - c - 1 ) 
= 3(2 c+a! )(2 c )(2 b - c - 1) = 3(2 c+d )(2 b - 2 C ) 

cyclic subgroups of order 2 k , c < k < b. 
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Suppose finally that b < k < a. Then (t, u, v, w) has order 2 k if and only 
if it lives in a subgroup of A isomorphic to C 2 k x C 2 b x 6*2^ x C 2 <i. The 
number of such elements is 2 fc ~ 1 2 b+c+rf , so the number of cyclic subgroups 
is 2 b+c+d and the total number for all k with b < k < a is (a - b)2 b+c+d . □ 

In Table [2j we record some specific consequences of this lemma which 
hasten many of the calculations that follow. Lemma [9.11 provides the number 
of Q-classes in the direct product of four cyclic groups while Lemma 12. 2[ 
which tells us which of these split into (two) F-classes and which do not, 
allows us to determine the number of -F-classes. Thus, if there are a Q- 
classes, (3 of which correspond to cyclic subgroups generated by an element 
of order at most 4, then there are a + 2(a — 0) =2a — (3 F-classes. 

To investigate the structure of KL with L = M(Gq x (£4), *, £4) a loop in 
class £7, we begin as usual by studying the Wedderburn decomposition of 
KG, G = Go x (£4) and Go a group from class XV Thus x 2 = t 2 and y 2 = £3. 
It follows that (xy) 2 = st 2 t% so that modulo (s), the group generated by 
Z(G) and xy is the direct product (xy) x (t) x (t 4 ) with t either t 2 or £3, 
whichever has smaller order. 

As previously, we begin with small cases and, again, use F to denote a 
finite field of order q = 3 (mod 8) and K a field which is ambiguously Q 
or F. Since we expect our methods will by now be clear to faithful readers, 
we simply record the salient facts in tables. 

(i) 7T1-1 = 777-2 = m 3 = m 4 = 1, S = t\. 

Group No. of iY-classes 

Z(G) S C 2 x C 2 x C 2 x C 2 N r = 16 
Z{G)/{s) ^C 2 xC 2 xC 2 8 
(Z(G), x)/(s) =C 4 xC 2 xC 2 12 {N 2 = 4) 
(Z{G), y)/{s) =C 2 xC A xC 2 12 (7V 3 = 4) 
(Z(G), xy)/(s) ^C A xC 2 xC 2 12 (N 4 = 4) 
G/G' = C i xC i xC 2 TVp = 20 



Since N = iVi + 3iV 2 = 28, KG the direct sum of N = 20 fields and 
N — Nq = 8 quaternion algebras. 

(ii.a) 777-1 = m 2 = 1^3 = 1) ^4 = 2, s = t\. 

Group No. of iY-classes 



Z(G) ^ C 2 x C 2 x C 2 x C 4 iVi = 24 
Z(G)/{s)=C 2 xC 2 xC 4 12 
(Z(G), x)/(s) ^C i xC 2 xC i 20 (A^ 2 = 8) 
(Z(G), y)/(s) =C 2 xC i xC i 20 (N 3 = 8) 
(Z(G), xy)/(s) = C 2 x C 4 x C 4 20 (7V 4 = 8) 
G/G' ^CjxCjxCi A^q = 36 

Since N = iVi + 3iV 2 = 48, iYG the direct sum of N = 36 fields and 
N — Nq = 12 quaternion algebras. 
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Group Number of Q-classes Number of F-classes 



C 2 x C 2 


4 




4 






Ca x C 2 


6 




6 






Ca x Ca 


10 




10 






C s x C 2 


8 




10 






C s x C 4 


14 




18 






Cs x Cs 


22 




34 






C 2 * x C 2 


2a + 2 




4a - 


2 




C 2 a x C 4 


4a + 2 




8a - 


6 




C 2 » x Cs 


8a - 2 




16a- 


14 




C 2 x C 2 x C 2 


8 




8 






C 4 xC 2 x C 2 


12 




12 






Ca X C*4 X C 2 


20 




20 






C4 X C*4 X C4 


36 




36 






C* 8 x C 2 x C" 2 


16 




20 






C 8 x Ca x C 2 


28 




36 






Cs x Ca x Ca 


52 




68 






C s x Cs x C 2 


44 




68 






C 8 x Cg x C4 


84 




132 






C20 X C2 X C2 


4a + 4 




8a - 


4 




C 2 » x C 4 x C 2 


8a + 4 




16a - 


12 




C 2 » x C4 x C4 


16a + 4 




32a - 


28 




C 2 a x Cs x C 2 


16a -4 




32a - 


28 




C 2 a x Cs x C4 


32a - 12 




64a - 


60 




C 2 a x Cs x Cs 


64a - 44 




128a - 


124 




C 2 a X C 2 6 X C 2 


2 b+1 (3 + a-b) - 


■4 


2 b+2 (3 + a - 


-b)~ 


- 28 


C 2 » X C 2 6 X C4 


2 b+2 (3 + a-6) - 


12 


2 b+3 (3 + a - 


-b)~ 


60 


C 2 a x C 2 t x Cs 


2 b+3 (3 + a-b) - 


44 


2 b+4 (3 + a- 


b)- 


124 


C 2 x C 2 x C 2 x C 2 


16 




16 






C4 x C 2 x C 2 x C 2 


24 




24 






C4 x C4 x C 2 x C 2 


40 




40 






C4 x C4 x C4 x C 2 


72 




72 






C4 X C4 X C4 X C4 


136 




136 






Cs x C 2 x C 2 x C 2 


32 




40 






C 8 x C4 x C 2 x C 2 


56 




72 






C 8 x C 4 x Ca x C 2 


104 




136 






Cs x Cs x C 2 x C 2 


88 




136 






Ca X Ca X Ca X Co 


168 




264 






C 2 a xC 2 xC 2 xC 2 


8a + 8 




16a- 


8 




C 2 o. x Ca x C 2 x C 2 


16a + 8 




32a - 


24 




C 2 a x Ca x Ca x C 2 


32a + 8 




64a- 


56 




C 2 a x Ca x Ca x Ca 


64a + 8 




128a - 


120 




C 2 a x Cs x C 2 x C 2 


32a - 8 




64a - 


56 




C 2 a x Cs x C4 x C 2 


64a - 24 




128a - 


120 




C 2 a x C 8 x C 8 x C 2 


128a - 88 




256a - 


248 




C 2 a x C 2 b x C 2 x C 2 


2 f,+2 (3 + a-b) - 


■8 


2 b+3 (3 + a- 


-b)~ 


56 


C 2 a x C 2 b x Ca x C 2 


2 b+3 (3 + a-b) - 


24 


2 b+4 (3 + a- 


b)- 


120 


C 2 a x C 2 b x Ca x Ca 


2 b+4 (3 + a-b) - 


56 


2 b+5 (3 + a- 


b)~ 


248 


C 2 a x C 2 b x Cs x C 2 


2 b+4 (3 + a-6) - 


88 


2 b+5 (3 + a- 


b)- 


248 



Table 2. a > 3, b > 3, a > b. 
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(ii.b) Suppose mi = 777,2 = ^3 = 1 and 7774 > 3, s = t±. 



Group 


1NO. OI Vo^-C 


lclSSCS 


IN 0. OI -Cld 


■SSGS 


Z{G) 










= C 2 X Ci X Ci X C2 m 4 


iVi = 8m 4 + 


8 


Mi = 16m 4 - 8 




Z(G)/(a) 










= C 2 X C2 X C2 m 4 


4m 4 + 4 




8m 4 - 4 




(Z(G),x)/(s) 










= G 4 X C2 X C 2 ™i 


8m 4 + 4 (7V 2 


= 4m 4 ) 


16m 4 - 12 (M 2 = 


8m 4 - 8) 














8m 4 + 4 (N 3 


= 4m 4 ) 


16m 4 (M 3 = 8m 4 


-8) 


(Z(G),xy)/(a) 










= C 2 x G 4 x C 2 ">4 


8m 4 + 4 (7V 4 


= 4m 4 ) 


16to 4 (M 4 = 8m 4 


-8) 


G/G' 










= G 4 x G 4 x G 2 ">4 


TVo = 16to 4 4 


-4 


M = 32m 4 - 28 





Since N = N x + 3N 2 = 20m A + 8 and M = M l + 3M 2 = 40t77 4 - 32, 
QG is the direct sum of iVo = I67774 + 4 fields and N — No = 47774 + 4 
quaternion algebras while FG is the direct sum of Mq = 32m4 — 28 fields 
and M — Mq = 87774 — 4 quaternion algebras. 

(hi. a) mi = = 1, "73 = 2, 7774 = 1, s = t\. (The conclusions in the case 
1, 2, 1, 1 are the same.) 

Group No. of Q-classes No. of F-classcs 



Z(G) ^C 2 xC 2 xC A xC 2 


iVi = 24 




Mi = 24 




Z(G)/(s) = G 2 x G 4 x G 2 


12 




12 




(Z(G),x)/{s)*iCi x G 4 x G 2 


20 (JV 2 = 


8) 


20 (M 2 = 


8) 


(Z(G),y)/(s) -G 2 x G 8 x G 2 


16 (N 3 = 


4) 


20 (M 3 = 


8) 


(Z(G),:q / }/( s )=G2xG 8 xG2 
G/G' = G 4 x G 8 x G 2 


16 {N 4 = 


4) 


20 (M 4 = 


8) 


N = 28 




M = 36 





Since TV = N 1 + N 2 + 2iV 3 = 40 and M = M 1 + 3M 2 = 48, QG the direct 
sum of Nq = 28 fields and N — Nq = 12 quaternion algebras while FG is 
the direct sum of Mq = 36 fields and M — Mq = 12 quaternion algebras. 
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(iii.b) mi = m,2 = 1, 7773 > 3, 771,4 = 1, s = t±. (The conclusions in the case 
1, 7772 > 3, 1, 1 are the same.) 



Group 


No. of Q- and F-classes 


Z(G) — Co x Co x Com* x Co 


— 8m q — i— 8 




Mi = 16to 3 - 8 


Z{G)/{s) = C 2 x C 2m3 x G 2 


Q: 4m 3 + 4 




F: 8m 3 - 4 


(Z(G),x)/(s) ^C 4 xGV 3 xG 2 


Q: 8m 3 + 4 (iV 2 = 4m 3 ) 




F: 16m 3 - 12 (so M 2 = 8m 3 - 8) 


{Z(G),y)/(s)^C 2 xC 2m3+ i xG 2 


Q: 4m 3 + 8 (iV 3 = 4) 




F: 8m 3 + 4 (so M 3 = 8) 


(Z(G),xy)/(s) = G 2 x C 2 m 3 +i x C 2 


Q: 4m 3 + 8 (N 4 = 4) 




F: 8m 3 + 4 (M 4 = 8) 


G/G' s G 4 x G 2m3+ i x G 2 


N = 8m 3 + 12 




M = 16m 3 + 4 



Since N = N 1 + N 2 + 2N 3 = 12m 3 + 16 and M = M 1 +M 2 + 2M 3 = 24m 3 , 
QG is the direct sum of iV = 87773 + 12 fields and N - N = 4m 3 + 4 
quaternion algebras while FG is the direct sum of Mq = I6777.3 + 4 fields and 
M — Mq = 87773 — 4 quaternion algebras. 

(iv.a) ttt-i = 7772 = 1, "73 = ^4 = 2, s = t\. (The conclusions in the case 
1, 2, 1, 2 are the same.) 



Group No. of Q-classes No. of F-classes 



Z(G) ^C 2 xC 2 xC 4 xC 4 


iVi = 40 


Mi = 


40 


Z(G)/(s) = G 2 x G 4 x d 


20 


20 




(Z(G),x)/(s) ^C 4 xC 4 xC 4 


36 (iV 2 = 16) 


36 (M 2 : 


= 16) 


(Z(G),y)/(s)^C 2 xC s xC 4 


28 (N 3 = 8) 


36 (M 3 : 


= 16) 


(Z(G) 1 xy)/(s)^C 2 xC s xC 4 


28 (N 4 = 8) 


36 {Mi : 


= 16) 


G/G' ^C 4 xC 8 xC 4 


iV = 52 


M - 


68 



Since N = Ni + N 2 + 2N 3 = 72 and M = M x + 3M 2 = 88, QG is the 
direct sum of iVo = 52 fields and N — iVo = 20 quaternion algebras while FG 
is the direct sum of Mq = 68 fields and M — Mq = 20 quaternion algebras. 
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(iv.b) mi = 771,2 = 1, 777.3 > 3, 77i4 = 2, s = t\. (The conclusions in the case 
1, 7772 > 3, 1, 2 are the same.) 



Group 


No. of Q- and F-classes 




O- Nt — 1 (\rrir, 4- 8 




F: Mi = 32to 3 - 24 


Z{G)/(s) S C 2 x C 2 - 3 x C7 4 


Q: 8to 3 + 4 




F: 16t77 3 - 12 


{Z(G),x)/(s)*iC4 x C 2 m 3 x C 4 


Q: 1 67773 + 4 (7V 2 = 8m 3 ) 




F: 32t77 3 - 28 (M 2 = I67773 - 16) 


(Z(G),y)/(s) =C 2 xC 2m3+ i xC 4 


Q: 87773 + 12 (7V 3 = 8) 




F: 1 67773 + 4 (M 3 = 16) 


(Z(G),xy)/{s) S C 2 x C 2m3+ i x C 4 


Q: 87773 + 12 (7V 4 = 8) 




F: 1 67773 + 4 (M 4 = 16) 


G / G' = C 4 x C 2 ™ 3 +i x C 4 


iV = I67773 + 20 




M = 32to 3 + 4 



Since iV = Aq + iV 2 + 2iV 3 = 24m 3 + 24 and M = M x + M 2 + 2M 3 = 
48m 3 -8, QG is the direct sum of N = 16m 3 +20 fields and N-N = 8m 3 +4 
quaternion algebras while FG is the direct sum of Mq = 32m 3 + 4 fields and 
M — Mo = 16m 3 — 12 quaternion algebras. 

(iv.c) mi = ^2 = 1, "1-3 = 2, 7774 > 3, s = t\. (The conclusions in the case 
1, 2, 1, 7774 > 3 are the same.) 

Group No. of Q- and F-classes 



Z(G) = C 2 x C 2 x C 4 x C 2m4 


Aq = 16tt7 4 + 8 
Mi = 32m 4 - 24 






Z(G)/(s) ^ C 2 x C 4 x C 2m4 


Q : 8m 4 + 4 
F: 16to 4 - 12 






(Z(G),x)/{s) s C 4 x C 4 x C 2m4 


Q : 16m 4 + 4 (AT 2 = 
F : 32m 4 - 28 (M 2 


: 8m 4 ) 
= 16m 4 — 


16) 


(2(G),#)^ 2 xC 8 xCr 4 


Q : 16m 4 - 4 (N 3 = 
F : 32to 4 - 28 (M 3 


: 8m 4 - 8) 
= 16m 4 — 


16) 


(Z(G),xy)/(s) = C 2 x C 8 x C 2 ™ 4 


Q : 16m 4 - 4 (iV 4 = 
F : 32m 4 - 28 (M 4 


: 8m 4 - 8) 
= 16m 4 — 


16) 


G/G' = C 4 x Cg x C 2 m 4 


7V = 32m 4 - 12 
M = 64to 4 - 60 







Since TV = N 1 + N 2 + 2N 3 = 40m 4 -8 and M = Mi + M 2 + 2M 3 = 80m 4 - 
72, QG is the direct sum of N = 32m 4 - 12 fields and N - N = 8m 4 + 4 
quaternion algebras while FG is the direct sum of Mq = 64m4 — 60 fields 
and M — Mq = 1 67774 — 12 quaternion algebras. 
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(iv.d) mi = 771,2 = 1, "73 > 3, 7774 > 3, s = t\. (The conclusions in the case 
1, 7772 > 3, 1, 7774 > 3 are the same.) 



Assume first that 7773 = 7774. 



Group 


No. of Q-classes 


No. of -F-class 


es 


2(G) ^C 2 xC 2 x C 2 m 3 X C 2 m 3 


N 1 = 2 m3 + 2 -3-8 


Mi = 2" l3 + 3 • 3 - 


56 


Z{G)/{s) = C 2 x C 2 ™ 3 x C 2 ™ 3 


2 m 3 +l . 3 _ 4 


2 m 3 +2 . 3 _ 28 




(Z(G),x)/(s) 


2 m 3 +2 . 3 _ 12 


2^3+3 . 3 _ go 




= C 4 X C 2 m 3 X C 2 m 3 


(N 2 = 2 m3+1 -3-8) 


(M 2 = 2 m3 + 2 • 3 - 


- 32) 


(Z(G),y)/(s) 


2 r ™3+ 1 -4 — 4 


2 m 4 +2 . 4 _ 28 




— C2 ^ C27713 + 1 X C*2 m 3 


(JV 3 = 2 m3+1 ) 


(M 3 = 2 m3 + 2 ) 




(Z(G),xy)/( S ) 


2™3+i .4-4 


2 m 4 +2 . 4 _ 28 




= C 2 X C 2 m 3 + 1 X C 2 m 3 


(JV 4 = 2 m3+1 ) 


(M 4 = 2™ 4 + 2 ) 




G 1 G' = C4 x C 2 m 3 +i x C 2 m 3 


N a = 2 m3 + 2 -4-12 


M = 2" i3 + 3 • 4 - 


60 



Since N = N t + N 2 + 2N 3 = 2 m » +1 -11-16 and M = M x + M 2 + 2M 3 = 
2 m 3 +2 . n _ 88) qc is t h e direct sum of N = 2 m3+4 - 12 fields and TV - 
iVo = 2 m3+1 -3 — 4 quaternion algebras while FG is the direct sum of 
M = 2 m3+5 - 60 fields and M — M = 2 m3+2 -3 — 28 quaternion algebras. 



Now assume 7773 > 7774. 



Group 




No. of Q- and F-classes 


-Z(G) = C 2 X C 2 X C 2 m 3 X G 2 mi 




= 2 m4+2 (3 + m 3 -m 4 ) -8 




Mi 


= 2"u+ 3 (3 + m 3 -m 4 )-56 


2{G)/{s) = C 2 x C 2 m 3 x C 2 m 4 


Q: 


2 m4+1 (3 + m 3 -m 4 ) -4 




F: 


2 m4+2 (3 + m 3 -m 4 )-28 


(Z(G),x)/(s) = C 4 x C 2m3 x C 2m4 


Q: 


2 m4+2 (3 + m 3 -m 4 ) - 12 






(N 2 = 2 m4+1 (3 + m 3 - m 4 ) - 8) 




F: 


2 m4+3 (3 + m 3 -m 4 ) -60 






(M 2 = 2 m4+2 (3 + m 3 - m 4 ) - 32) 


(Z(G),y)/(s) ^ C 2 x C 2m3 +i x GV 4 


Q: 


2^+1(4 + m3 _ m4 ) _ 4 






(7V3 = 2™ 4+1 ) 




F: 


2 m4 + 2 (4 + m 3 -m 4 )-28 






(M 3 = 2 m4 + 2 ) 


(Z(G),xy)/(s) = C 2 x C 2m3+1 x C 2 ™ 4 


Q: 


2 ro4+1 (4 + m 3 -m 4 ) -4 






(7V4 = 2 m4+1 ) 




F: 


2 m4+2 (4 + m 3 -m 4 )-28 






(M 4 = 2 m4 + 2 ) 


G 1 G = C 4 X C 2 m 3 +1 X C 2 m 4 




= 2 m4+2 (4 + m 3 -m 4 ) - 12 




M 


= 2 m4+3 (4 + m 3 -m 4 ) -60 



Since N = iV 4 + N 2 + 2N 3 = 2 m4+1 (ll + 3m 3 - 3m 4 ) - 16 and M = 
M1 + M2 + 2M3 = 2 m4+2 (ll + 3m 3 -37774) -88, QG is the direct sum of iV = 
2 m4+2 (4+m3-m 4 )-12 fields and N-N = 2 m4+1 (3+777 3 -m 4 )-4 quaternion 
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algebras while FG is the direct sum of M = 2™ 4 + 3 (4 + m 3 - m A ) - 60 fields 
and M - Mo = 2 m4+2 (3 + m 3 - m 4 ) - 28 quaternion algebras. 

Finally, assume that m 3 < m 4 . 

Group No. of Q- and F-classes 

Z{G) C 2 x C 2 x C 2 m 3 x C 2 -m Aq = 2 m3+2 (3 + m 4 - m 3 ) - 8 

Mi = 2 m3+3 (3 + m 4 - m 3 ) - 56 

Z(G)/(s) S C* 2 x C 2 m 3 x C 2 ™ 4 Q: 2 ms+1 (3 + m 4 - m 3 ) - 4 

F: 2 m3+2 (3 + m 4 -m 3 ) -28 

(2(G),i)/(s)=C 4 xC 2 ,3 xC 2 ™ 4 Q : 2 m3+2 (3 + m 4 - m 3 ) - f 2 

(Af 2 = 2 m3+1 (3 + m 4 - m 3 ) - 8) 
F: 2 m3+3 (3 + m 4 -m 3 ) -60 

(M 2 = 2 TO3+2 (3 + m 4 - m 3 ) - 32) 

(Z(G),y)/(s) = C 2 x C 2m3+ i xGV 4 Q : 2 ms+2 (2 + m 4 - m 3 ) - 4 

(N 3 = 2 m3+1 (l +m 4 -m 3 )) 
F: 2 m3 + 3 (2 + m 4 -m 3 )-28 

(M 3 = 2 m3+2 (l + m 4 -m 3 )) 

(Z(G),xy)/(s) ^ C 2 x C 2m3 +i x C 2 ™ 4 Q: 2 m3+2 (2 + m 4 - m 3 ) - 4 

(Aq = 2 m3+1 (f +m 4 -m 3 )) 
F: 2 m3+3 (2 + m 4 -m 3 ) -28 

(M 4 = 2 m3+2 (l + m 4 -m 3 )) 

G/G' ^ G 4 x C 2 m 3 +i x G 2 ™ 4 A^o = 2 m3+3 (2 + m 4 - m 3 ) - 12 
M = 2 m3+4 (2 + m 4 - m 3 ) - 60 

Since N = Aq + N 2 + 2N 3 = 2 m3+1 (ll + 5m 4 - 5m 3 ) - 16 and M = 
M 1 + M 2 + 2M 3 = 2 m3+2 (ll + 5m 4 -5m 3 )-88, QG is the direct sum of N = 
2 m3+2 (2+m 4 -m 3 )-12 fields and N-N = 2 m3+1 (3+m 4 -m 3 )-4 quaternion 
algebras while FG is the direct sum of Mq = 2 m3+4 (2 + m 4 — m 3 ) — 60 fields 
and M — Mo = 2 m3+2 (3 + m 4 — m 3 ) — 28 quaternion algebras. 

(v.a) mi = 1, m,2 = m 3 = 2, m 4 = 1, s = t±. 

Group No. of Q-classes No. of F-classes 



Z{G) = C 2 xC±xC±xC 2 


Aq = 40 


Mi = 


40 


Z(G)/(s) != C 4 x G 4 x C 2 


20 


20 




(Z(G),x)/{ s )=C 8 xC i xC 2 


28 (N 2 = 8) 


36 (M 2 : 


= 16) 


(Z(G),y)/(s)=C i xC s xC 2 


28 (N 3 = 8) 


36 (M 3 = 


= 16) 


(Z(G),xy)/(s}^C i xC s xC 2 
G/G' ^ G 8 x G 8 x G 2 


28 (Aq = 8) 


36 (M 4 = 


= 16) 


N = 44 


M = 


68 



Since N = N ± + 3N 2 = 64 and M = M 1 + 3M 2 = 88, QG is the direct 
sum of A^o = 44 fields and N — No = 20 quaternion algebras while FG is 
the direct sum of Mq = 68 fields and M — Mq = 20 quaternion algebras. 
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(v.b) mi = 1, ?7i2 > 3, 7773 = 2, 7774 = 1, s = t\. (The conclusions in the case 
1) 2, 7773 > 3, 1 are the same.) 

Group No. of Q- and F-classes 



2>(GJ = O2 X C2™2 X O4 X O2 


iVi = l0777 2 + 8 






Mi = 32m 2 - 24 




Z{G)/(s) S C 2 m 2 x C 4 x C7 2 


Q: 8m 2 + 4 






F: 16m 2 - 12 




(Z(G),x)/(s) =C 2m2+ i xdxC 2 


Q: 8m 2 + 12 (7V 2 = 


8) 




F: 16m 2 + 4 (M 2 = 


: 16) 


(Z(G),y)/(s)=C 2m2 xC s xC 2 


Q: 16m 2 -4 (N 3 = 


8m 2 - 8) 




F: 32m 2 - 28 (M 3 : 


= 16m 2 — 16) 


(Z(G),xy)/(s) ^C 2m2+1 xC 4 xC 2 


Q: 8m 2 + 12 (7V 4 = 


8) 




F: 16m 2 + 4 (M 4 = 


= 16) 


G/G' £* GV 2+ i x G 8 x G 2 


iV = 16m 2 + 12 






M = 32m 2 + 4 





Since N = Ni + 2N 2 + N 3 = 24m 2 + 16 and M = M x + 2M 2 + M 3 = 
48tt7 2 -8, QGis the direct sumof/V = 16tt7 2 +12 fields and N-N = 8777 2 +4 
quaternion algebras while FG is the direct sum of M u = 32?77 2 + 4 fields and 
M — Mq = 16?77 2 — 12 quaternion algebras. 

(v.c) mi = 1, "1-2 > 3, 7773 > 3, 7774 = 1, s = t±. By symmetry in x and y, 
we may assume that m 2 > 7773. We deal with the case tt7 2 > 7773 first. 

Group No. of Q- and F-classes 

Z(G) S G 2 x C 2m2 x G 2 ™ 3 x C 2 JVi = 2™ 3+2 (3 + m 2 - m 3 ) - 8 

Mi = 2 m3+3 (3 + m 2 - m 3 ) - 56 

Z(G)/(s) = G 2 ™ 2 x C 2 m 3 x C 2 Q: 2™ 3+1 (3 + m 2 - m 3 ) - 4 

F: 2 m3 + 2 (3 + m 2 -m 3 )-28 

(Z(G),x)/(s) ^C 2m2+ i XC2-3 xG 2 Q : 2 m3+1 (4 + m 2 - m 3 ) - 4 

(7V 2 = 2 m3+1 ) 
F: 2 m3+2 (4 + m 2 -m 3 )-28 
(M 2 = 2 m3 + 2 ) 

(Z(G),y)/{s) =C 2 ™ 2 xC 2m3+ i xG 2 Q: 2 m3+2 (2 + m 2 - m 3 ) -4 

(iY 3 = 2 m3+1 (l + m 2 -m 3 )) 
F: 2 m3+3 (2 + m 2 - m 3 ) - 28 
(M 3 = 2 m3+2 (l + m 2 - m 3 )) 

(Z(G),xy)/(s) S C 2m2+ i x C 2m3 xC 2 Q : 2 m3+1 (4 + to 2 - to 3 ) - 4 

(iV 4 = 2 m3+1 ) 
F: 2 m3+2 (4 + m 2 -m 3 )-28 
(M 4 = 2 m3 + 2 ) 

G/G' S C 2m2+ i x C 2m3+ i x C 2 iV = 2 m3+2 (3 + m 2 - m 3 ) - 4 

M = 2 m3+3 (3 + m 2 - m 3 ) - 28 
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Since N = Ni + 2N 2 + N 3 = 2 m3+1 (9 + 3m 2 - 3m 3 ) — 8 and M = 
Mi + 2M 2 + M 3 = 2™ 3+2 (9 + 3m 2 - 3m 3 ) - 56, QG is the direct sum of N = 
2 m3+2 (3 + m 2 -m 3 ) fields and N - N = 2 ms+1 (3 + m 2 - m 3 ) - 4 quaternion 
algebras while FG is the direct sum of Mq = 2™ 3+3 (3 + m 2 — m 3 ) — 28 fields 
and M - M Q = 2™ 3+2 (3 + m 2 - m 3 ) - 28 quaternion algebras. 

When m 2 = m 3 , here's what happens. 



Group No. of Q- and F-classes 



Z(G) = C* 2 x C* 2m2 x C 2m2 x C 2 


TV 


l = 2 m2 + 2 -3-8 




M 


i = 2 m2 + 3 -3-56 




Z(G)/{s) s C 2m2 x C 2m2 x C 2 


Q 


2 "2+i . 3 _ 4 






F 


2 m 2 +2 . 3 _ 28 




(Z{G),x)/(s) £* C 2m2+ i x C 2 ™ 2 x C 2 


Q 


2 ™ 2 +3 _ 4 (7V 2 = 


2 m 2 + l^ 




F 


2 m 2 +4 _ 28 (M 2 = 


_ 2 m 2 +2-j 


(Z(G),y)/{s) = C 2 -2 xC 2 ™ 2+1 xC 2 


Q 


2 m 2 +3 _ 4 (7V 3 = 


2 TO2 + 1^ 




F 


2 m 2 +4 _ 28 ; 


_ 2 m 2 +2-j 


(Z(G),xy)/(s) £* C 2m2 x C 2m2+ i x C 2 


Q 


2 m 2 +3 _ 4 (7V 4 = 


2 m 2 +l^ 




F 


2 m 2 +4 _ 2 g ; 


_ 2 m 2 +2-j 


G / G' = C 2 m 2 + 1 X C 2 m 2 +1 X C 2 


iV = 2 m2 + 2 -3-4 






M 


o = 2 m2 + 3 -3-28 





Since N = N x + 3N 2 = 2 m2+1 (9) -8 and M = M x + 3M 2 = 2 m2+2 (9) - 56, 
QG is the direct sum of N = 2 m2+2 • 3 - 4 fields and N - N = 2 m2+1 • 3 - 4 
quaternion algebras while FG is the direct sum of Mq = 2 m2+3 -3 — 28 fields 
and M — Mq = 2 m2+2 -3 — 28 quaternion algebras. 

(vi.a) mi = 1, m 2 = m 3 = 771,4 = 2, s = t±. 



Group No. of Q-classes No. of F-classes 



Z(G) s C* 2 x C 4 x C 4 x C 4 


JVi = 


72 


Mi = 


72 


Z{G)/(s) ^CaxCaxCa 


36 




36 




(Z(G),x)/{ s )=C 8 xC i xC i 


52 (JV 2 


= 16) 


68 (M 2 


= 32) 


(Z(G),y)/(s)-C i xC 8 xC i 


52 (7V 3 


= 16) 


68 (M 3 


= 32) 


(Z(G),xy)/(s) ~C 4 xC s xd 


52 (jV 4 


= 16) 


68 (M 4 


= 32) 


G/G' = C 8 x C 8 x C* 4 


^0 = 


84 


M = 


132 



Since N = N ± + 3N 2 = 120 and M = M x + 3M 2 = 168, QG is the direct 
sum of iVo = 84 fields and N — Nq = 36 quaternion algebras while FG is 
the direct sum of Mq = 132 fields and M — Mq = 36 quaternion algebras. 
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(vi.b) mi = 1, iri2 > 3, 771,3 = 2, 777,4 = 2, s = t±. (The case 1,2,7773 > 3,2 
yields identical results.) 

Group No. of Q- and F-classes 



2(G) = C 2 x GV 2 x C 4 x C 4 


Aq 


= 32m 2 + 8 








Mj 


= 64m 2 — 56 






Z(G)/(s) S GV 2 x C 4 x C7 4 


Q: 


16m 2 + 4 








F: 


32m 2 - 28 






(Z(G),x)/(s)SiC V n a+ i xC 4 xC 4 


Q: 


16m 2 + 20 {N 2 


= 16) 






F: 


32m 2 + 4 (M 2 = 


= 32) 




(Z(G),y)/(s)^C 2 m 2 xC 8 xC 4 


Q: 


32m 2 -12(N 3 


= 16to 2 


-16) 




F: 


64m 2 - 60 (M 3 


= 32to 2 


-32) 


(Z(G),xy)/( S ) = C 2m2+ i xC 4 xC 4 


Q: 


16m 2 + 20 (AT 4 


= 16) 






F: 


32m 2 + 4 (M 4 = 


= 32) 




GIG' S C7 2 ™ 2+ i x C 8 x C 4 


iV 


= 32m 2 + 20 








M 


= 64m 2 + 4 







Since TV = N 1 + 2N 2 +N 3 = 48t77 2 + 24 and M = M 1 +2M 2 +M 3 = 96m 2 - 
24, QG is the direct sum of iV = 32t77 2 + 20 fields and N - N = I6m 2 + 4 
quaternion algebras while FG is the direct sum of Mq = QAm 2 + 4 fields and 
M — Mq = 327772 — 28 quaternion algebras. 

(vi.c) 777i = 1, "72 = 2, 7773 = 2, 7774 > 3, S = t\. 



Group No. of Q- and F-classes 



Z(G) = C 2 xC 4 xC 4 x C 2 ™ 4 


N 1 = 32m 4 + 8 
Mi = 64m 2 - 56 






Z(G)/(s) ^C 4 xC 4 x GV 4 


Q : 16m 4 + 4 
F: 32m 4 - 28 






(Z{G),x)/{s) ^C 8 xC 4 x C 2 ™ 4 


Q: 32m 4 - 12 (N 2 = 
F : 64m 4 - 60 (M 2 = 


16777,4 — 

32/774 - 


16) 

■32) 


(Z(G),y)/(s) = C 4 xC s xC 2 ^ 


Q: 32m 4 - 12 (N 3 = 
F : 64m 4 - 60 (M 3 = 


1 67774 — 
32m 4 - 


16) 

■32) 


(Z{G),xy)/(s) ^C 4 xC 8 x C 2 m 4 


Q: 32m 4 - 12 (N 4 = 
F : 64m 4 - 60 (M 4 = 


1 67774 — 

32/774 - 


16) 

■32) 


G/G' = C 8 xC 8 x GV 4 


N = 64m 4 - 44 
M = 128to 4 - 124 







Since N = Aq + 3N 2 = 8O7774 - 40 and M = M 1 + 3M 2 = 160tt7 4 - 152, 
QG is the direct sum of Nq = 64m 4 — 44 fields and N — Nq = 16777 4 + 4 
quaternion algebras while FG is the direct sum of Mo = 128tt7 4 — 124 fields 
and M — Mq = 32tt7 4 — 28 quaternion algebras. 
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(vi.d) mi = 1, f^i > 3, 7713 > 3, = 2, s = t\. Because of the symmetry 
with respect to x and y, we may assume that m 2 > m 3 . Assume first, in 
fact, that rri2 > m^. 

Group No. of Q- and F-classes 



Z(G) = G 2 x C 2 -2 x C 2m3 x C 4 
Z{G)/{s) = C 2 ™ 2 x C2-3 x G 4 



Nl = 2™3+3(3 + m 2 - m 3 ) - 24 
Mi = 2 m3+4 (3 + m 2 - m 3 ) - 120 

Q: 2 m3+2 (3 + m 2 - m 3 ) - 12 
F: 2 m3+3 (3 + m 2 - m 3 ) -60 

(2(G),i)/(«)S!C 2 » J+ . XC2-3 xC 4 Q : 2 m3+2 (4 + m 2 - m 3 ) - 12 

(iV 2 = 2 m3 + 2 ) 
F: 2 m3+3 (4 + m 2 -m 3 ) -60 
(M 2 = 2 m3 + 3 ) 

(Z(G),y)/(s) = C 2m2 x C 2m3+ i x G 4 Q: 2 m3+3 (2 + m 2 - m 3 ) - 12 

(N 3 = 2 m3+2 (l + m 2 - m 3 )) 
F: 2 m3+4 (2 + m 2 - m 3 ) - 60 

(M 3 = 2 m3+3 (l +m 2 -m 3 )) 

(Z(G),xy)/(s) S C 2m2+ i x C 2m3 x G 4 Q: 2 m3+2 (4 + m 2 - m 3 ) - 12 

(iV 4 = 2 m3 + 2 ) 
jF: 2 m3+3 (4 + m 2 -m 3 ) -60 
(M 4 = 2 m3 + 3 ) 

G/G' ^ C 2m2 +i x C 2m3 +i x G 4 iV = 2 m3+3 (3 + m 2 - m 3 ) - 12 
Mg = 2 m3+4 (3 + m 2 - m 3 ) - 60 

Since N = Ni + 2N 2 + N 3 = 2 m3+2 (9 + 3m 2 - 3m 3 ) - 24 and M = 
Mi + 2M 2 + M 3 = 2 m3+3 (9 + 3m 2 - 3m 2 ) - 120, QG is the direct sum of 
N = 2 m3+3 (3 + m 2 - m 3 ) - 12 fields and iV - N = 2 m3+2 (3 + m 2 - m 3 ) - 12 
quaternion algebras while FG is the direct sum of Mq = 2 m3+4 (3 + m 2 — 
m 3 ) — 60 fields and M — Mo = 2 m3+3 (3 + m 2 — m 3 ) — 60 quaternion algebras. 

Now assume m 2 = m 3 . 



Group 




No. of Q- and F-classes 


Z(G) = G 2 x G 2 ™ 2 x C 2m2 x C* 4 


TV 


= 2 m2 + 3 -3-24 




M 


1 = 2 m2 + 4 -3-120 


Z(G)/{s) = G 2 ™ 2 x G 2 ™ 2 x G 4 


Q 


2™2+2 .3-12 




F 


2 ™ 2 +3 . 3 _ 60 


(Z(G),x)/(s) = C 2m2+ i x GV 2 x C 4 


Q 


2 m 2 +2 . 4 _ 12 (Af 2 = 2 m2 + 2 ) 




F 


2^2+3 . 4 _ 60 \ M2 = 2 ™ 2 +3) 


(Z(G),y)/(s) -C 2m2 x G, m2+1 x G 4 


Q 


2 m 2 +4 _ 12 (-^V 3 = 2 m 2 +2) 




F 


2 m 2 +5 _ g ( Ms = 2 m2 + 3 ) 


(Z(G),xy)/(s) S C 2m2+1 x C 2m2 x G 4 


Q 


2 m 2 +4 _ 12 ^jy 4 = 2 m 2 +2) 




F 


2 m 2 +5 _ g ( M4 = 2 m2 + 3 ) 


G/G' = G 2m2+ i x G 2m2+ i x G 4 


7V = 2™2+3 . 3 _ 12 




M 


= 2 m2+4 -3-60 
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Since N = N ± + 3N 2 = 2 m2+2 (9) - 24 and M = M 1 + 3M 2 = 2 m2+3 (9) - 
120, QG is the direct sum of N = 2 m2 + 3 -3-12 fields and N - N = 2 m2 + 2 • 
3 — 12 quaternion algebras while FG is the direct sum of M = 2 m2+4 -3-60 
fields and M — Mq = 2 m2+3 -3 — 60 quaternion algebras. 

(vi.e) mi = 1, 771,2 > 3, 7773 = 2, 7774 > 3, s = t\. (The case 1,2,777,3 > 
3, 7774 > 3 yields identical results.) 

Here there two possibilities, the first being the case 7772 > 7774. 

Group No. of Q- and F-classes 

Z{G) C 2 x C 2 -.2 x C 4 x C 2 -4 N! = 2 m4+3 (3 + m 2 - m 4 ) - 24 

Mi = 2 m4+4 (3 + m 2 - m 4 ) - 120 

Z{G)/{s) = C* 2 ™ 2 x C* 4 x C 2 ™4 Q: 2 m4+2 (3 + m 2 - m 4 ) - 12 

F: 2 m4 + 3 (3 + m 2 -m 4 ) -60 

(Z(G),x)/(s) S C 2m2+ i x C 4 x C 2 ™ 4 Q: 2 m "+ 2 (4 + m 2 - m 4 ) - 12 

(7V 2 = 2 m4 + 2 ) 
F: 2 m4+3 (4 + m 2 - m 4 ) -60 
(M 2 = 2 m4 + 3 ) 

(Z(G),y)/(s) ~C 2m2 xC 8 xfr ( Q : 2 m4+3 (3 + m 2 - m 4 ) - 44 

(7V 3 = 2 m *+ 2 (3 + m 2 - m 4 ) - 32) 
F : 2 m4+4 (3 + m 2 - m 4 ) - 124 

(M 3 = 2 m4+3 (3 + m 2 - m 4 ) - 64) 

(Z{G),xy)/(s) = C 2m2 +i x C 4 x C 2m4 Q: 2 m4+2 (4 + m 2 - m 4 ) - 12 

(7V 4 = 2 m4+2 ) 
F: 2 m4+3 (4 + m 2 - m 4 ) -60 
(M 4 = 2 m4 + 3 ) 

G/G' C7 2m2 +i x C 8 x GV 4 7V = 2 m4+3 (4 + m 2 - m 4 ) - 44 
M = 2 m4+4 (4 + m 2 - m 4 ) - 124 

Since iV = Ni + 2iV 2 + N 3 = 2 m4+2 (ll + 3t77 2 - 3tt7 4 ) - 56 and M = 
Mi + 2M 2 + M 3 = 2 m4+3 (ll + 3tt7 2 - 3t77 4 ) - 184, QG is the direct sum of 
N = 2 m4+3 (4 + 777 2 -777 4 )-44 fields and N - N = 2 m4+2 (3 + m 2 - 777 4 ) - 12 
quaternion algebras while FG is the direct sum of Mq = 2 m4+4 (4 + 7772 — 
7774) — 124 fields and M — Mq = 2 m4+3 (3 + 7772 — 7774) — 60 quaternion algebras. 
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Now assume 1714 > m 2 . 



Group No. of Q- and F-classes 



Z{G) C 2 x C 2 ™ 


2 x C 4 x G 2 ™ 4 




= 2 m =+ 3 (3 + m 4 -m 2 ) 


- 24 








Mi 


= 2" l2+4 (3 + rn 4 - m 2 ] 


) - 120 




Z(G)/{s) s C 2 ™ 2 


x C4 x G 2 ™ 4 


Q: 


2" 12+2 (3 + to 4 -m 2 ) - 


12 








F: 


2" 12+3 (3 + to 4 -m 2 ) - 


60 




<Z(G), 




Q: 


2 m2+3 (2 + m 4 -m 2 ) - 


12 






x G 2 ™ 4 




(N 2 = 2" l2+2 (l + TO 4 - 


- m 2 )) 








F: 


2 m2+3 (2 + m 4 -m 2 ) - 


60 










(M 2 = 2 m2+3 (l + m 4 


- TO2)) 




(2(G),V>/<«> 




Q: 


2" 12+3 (3 + to 4 -m 2 ) - 


44 




= C* 2 '"2 x C 8 x 


G 2 ™ 4 




(JV 3 = 2" 12+2 (3 + to 4 - 


- m 2 ) - 


32) 






F: 


2" 12+4 (3 + to 4 -m 2 ) - 


124 










(M 3 = 2 m2+3 (3 + m 4 


- m 2 ) - 


64) 


(Z(G), X y)/(s) 




Q: 


2"^+ 3 (2 + m 4 -m 2 ) - 


12 




= G 2 ™ 2 +1 X C4 


x G 2 ™ 4 




(N 4 = 2" l2+2 (l + TO 4 - 


- m 2 )) 








F: 


2 m2+4 (2 + m 4 - m 2 ) - 


60 










(M 4 = 2 m2 + 3 (l + m 4 


- TO2)) 




G/G' s G 2m2+ i x 


Cg X C 2 m 4 


N 


= 2 m2+4 (2 + m 4 -m 2 ) 


-44 








M 


= 2 m2+5 (2 + m 4 -m 2 ; 


) - 124 





Since N = N\ + 2N 2 + N 3 = 2 m2+2 (ll + 5m 4 - 5m 2 ) - 56 and M = 
Mi + 2M 2 + M 3 = 2 m2+3 (ll + 5m 4 - 5m 2 ) - 184, QG is the direct sum of 
N = 2 m2+4 (2 + m 4 -m 2 )-44 fields and N - N = 2 m2+2 (3 + m 4 - m 2 ) - 12 
quaternion algebras while FG is the direct sum of Mq = 2 m2+5 (2 + m 4 — 
m 2 ) — 124 fields and M — Mq = 2 m2+3 (3 + m 4 — m 2 ) — 60 quaternion algebras. 

(vi.f) mi = 1, m 2 > 3, m-3 > 3, m 4 > 3, s = t±. Because of the symme- 
try in x and y, we may assume that m 2 > 7713, but this still leaves three 
possibilities. Many of the numbers that arise involve the number of cyclic 
subgroups of the direct product of Ci a x C 2 b x C 2 c which for convenience 
in what follows, and assuming a > b > c, we denote f(a,b,c). Thus, from 
Lemma 17-H we have 

f(a, b, c) = |(4 C - 1) + 3(2 C )(2 6 - 2 C ) + (a - b)2 b+c + 1. 
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We investigate the first case, m 2 > m 3 > 7714, in two steps, supposing first 
that 7712 > rn?, > rn^. 

Group No. of Q- and F-classcs 

Z(G) 

= G 2 x G 2 ™ 2 x C 2 "«3 x G 2 "m Ni = 2/(m 2 ,m 3 ,m 4 ) 

Mi = 2iVi - 72 

-Z(G)/<») 

^ C 2 "«2 x C 2 ™3 x C 2 ">4 Q: /(m 2 ,m 3 ,m 4 ) 

F: 2/(m 2 ,m3,m4) — 36 

(-Z(G), *)/<*) 

= G 2 „, 2 + i x C 2 m 3 x G 2 "m Q : /(m 2 + 1, m 3 , m 4 ) 

= /(m 2 + l,m 3 ,m 4 ) - /(m 2 , m 3 , m 4 )) 
F: 2/(m 2 + l,m 3 ,m 4 ) - 36 
(M 2 = 2Af 2 ) 

(Z(G),y)/{s) 

= C 2 "«2 x G 2 ™ 3 +i x C 2 "m Q : /(m 2 , m 3 + 1, m 4 ) 

(■N3 = /(m 2 , m 3 + 1, m 4 ) - /(m 2 , m 3 , m 4 )) 
F: 2/(m 2 ,m 3 + l,m 4 ) — 36 
(M 3 = 2Af 3 ) 

(Z{G),xy)/(a) 

= G 2 „« 2 + i x G 2 ™ 3 x G 2 "m Q: /(m 2 + l,m 3 ,m 4 ) 

(7V 4 = N 2 ) 
F: 2/(m 2 + l,m 3 ,m 4 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2m2 +i x C 2 m 3 +i x G 2 ™ 4 N = f(m 2 + 1, m 3 + 1, m 4 ) 

M = 2N - 36 



Since iV = iVi + 2iV 2 + N 3 = 2/(m 2 + 1, m 3 , m 4 ) + f{m 2 ,m 3 + 1, m 4 ) 



/(m2,m 3 ,m 4 ) = 2 m3+m4 (9 + 3m 2 -3m 3 ) - §(4 m4 +2) and M = M X + 2M 2 + 
M 3 = 2N - 72, QG is the direct sum of 

N = f(m 2 + l,m 3 + l,m 4 ) = 2 ms+m4 (6 + 2m 2 - 2m 3 ) - §(4™ 4 + 2) 

fields and 

N — Nq = 2 m3+m4 (3 + m 2 - m 3 ) - |(4 m4 + 2) 
quaternion algebras while FG is the direct sum of M$ = 2Nq — 36 fields and 
M — Mo = 2(N — No) — 36 quaternion algebras. 
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Now suppose m 2 = > m 4 . 

Group No. of Q- and F-classes 

Z(G) 

= G 2 x C 2 ^2 x C" 2 "«2 x C 2 "i4 Ni = 2/(m2,m 2 ,m 4 ) 

Mi = 2Ni - 72 

-Z(G)/<*) 

= C*2"»2 X C*2 m 2 X C2 m 4 Q: f{m,2, 1712,1714,) 

F: 2 f (1712,1712,1714) — 36 

<Z(G), 

= G 2 ™ 2 +i x C*2"«2 xC 2 -»4 Q: /(m 2 + l,m2,m 4 ) 

(■N2 = /(m 2 + 1, 1712,1714) ~ f (1712,1712, m 4 )) 

F: 2/(m 2 + l,m 2 ,m 4 ) - 36 
(M 2 = 2iV 2 ) 

(Z(G),y)/{s) 

= C*2"«2 x C 2m2 + i x G 2 "m Q: /(m 2 + l,m2,m 4 ) 

(iV 3 = JV„) 
F: 2/(m 2 + l,m 2 ,m 4 ) - 36 
(M 3 = 2iV 2 ) 

<^(G), xi/>/(«> 
= G 2 „« 2 +i x C2"2 x CW Q: /(m 2 + l,m 2 ,m 4 ) 

(7V 4 = JV a ) 
F: 2f(m 2 + l,m 2 ,m 4 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2 „, 2 + l X G 2 m 2 + 1 X G 2 "M No — f(l7l2 + 1, 7712 + 1, J™ 4 ) 

M = 2iVo - 36 



Since N = N 1 +3N 2 = 3/(m 2 + l, m 2 , m 4 )-/(m 2 , m 2 , m 4 ) = 9(2 m2+m4 )- 
§(4™ 4 + 2) and M = Mi + 3M 2 = 2iV — 72, QG is the direct sum of 

N = 6(2 m2+m4 ) - |(4 m4 +2) 

fields and 

N - N = 3/(m 2 + 1, m 2 , m 4 ) - /(m 2 , m 2 , m 4 ) - /(m 2 + 1, m 2 + 1, m 4 ) 

= 3 ^ 2 m 2 +m 4 ^ _ 2^m 4 + 2 ) 

quaternion algebras, while FG is the direct sum of Mq = 2Nq — 36 fields 
and M — Mq = 2(N — Nq) — 36 quaternion algebras. 
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The case 777,4 > "72 > fnz we again split into several subcases, considering 
the possibility 7774 > 7772 > 7773 first. 

Group No. of Q- and F-classes 

Z(G) 

= G 2 x G 2 ™ 2 x C 2 ">3 x G 2 ™ 4 Ni = 2/(m 4 ,m2,m 3 ) 

Mi = 2iVi - 72 

-Z(G)/<»> 

= G 2 ™2 X G 2 «>3 X G 2 "M Q: / (1714,1712, 7773) 

F: 2/(7774,7772,7773) — 36 

<iJ(G), *)/<») 

= C 2m2 + i x C 2 m 3 x C 2 "m Q: /(m 4 ,m 2 + l,m 3 ) 

(A^ = f (1714,1712 + 1,7773) ~ /(m 4 , 7772, 777 3 )) 

F: 2/(7774, m 2 + 1,7713) - 36 
(M 2 = 2AT 2 ) 



{Z(G),y)/{s) 

= C 2 "«2 X C 2 m 3 + 1 X C 2 "«4 Q : /(?774, 7772, 7773 + 1) 

(■^3 = /(7T74, 7772, 7773 + 1) - /(7774, 7772, 777 3 )) 

F: 2/(m 4 ,m 3 + l,m 2 ) - 36 
(M 3 = 2AT 3 ) 

(Z{G),xy)/(s) 

= G 2 „« 2 + l X G 2 ">3 X G 2 "M Q: f (1714,1712 + 1,7773) 

(AT 4 = iV 2 ) 
F: 2/(7774, m 2 + 1,7713) - 36 
(M 4 = M 2 ) 

G/G 

= G 2 t„ 2 + 1 X G 2 m 3 + 1 X G 2 "M Nq — f '(?774, 7772 + 1,7773 + 1) 

Mp = 2AT - 36 

Since N = N± + 2N 2 + iV 3 = 2/(t77 4 , 777 2 + 1, 7773) + /(m 4 , 777 2 , 7773 + 1) - 
7(7774,7772,7773) = 2 m2+m3 (ll + 5m 4 - 5777 2 ) - |[5(4 m3 ) +4] and M = M x + 
2M 2 + M 3 = 2iV - 72, QG is the direct sum of 

N = 2 m2+m3 (8 + 4m 4 - 4m 2 ) - |[2(4 ma ) + 1] 

fields and 

N - N = 2/(7774, m 2 + 1, 777 3 ) + /(t77 4 , 777 2 , 777 3 + 1) - /(m 4 , 777 2 , 777 3 ) 

- /(m 4 , 777 2 + 1, 7773 + 1) = 2 m2+m3 (3 + 777 4 - 777 2 ) - § (4™ 3 + 2) 

quaternion algebras, while FG is the direct sum of Mo = 2No — 36 fields 
and M — Mq = 2(N — Nq) — 36 quaternion algebras. 
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Now suppose 7714 > m 2 = m^. 

Group No. of Q- and F-classes 

Z(G) 

= G 2 x C 2 ™2 x C" 2 "«2 x C 2 "m iVi = 2/(m 4 ,m 2 ,m 2 ) 

Mi = 2Ni - 72 

-Z(G)/<*) 

= C*2"»2 x C*2 m 2 x C 2 m 4 Q: /(rri4,m2,m2) 

F: 2/(m,4, rri2, rri2) — 36 

<Z(G), 

= G 2 ™ 2 +i x C*2"«2 x C 2 "m Q: /(m 4 ,m2 + l,m 2 ) 

(■W 2 = /(m 4 , m 2 + 1, m 2 ) - /(m 4 , m 2 , m 2 )) 
F: 2/(m 4 ,m 2 + l,m 2 ) - 36 
(M 2 = 2iV 2 ) 

WG),V)H*) 

= C*2"«2 x C 2m2 + i x C 2 m 4 Q : / (rru, m 2 + 1, m 2 ) 

(iV 3 = iV 2 ) 
F: 2/(m 4 ,m 2 + l,m 2 ) - 36 
(M 3 = M 2 ) 

<^(G), xi/>/(«> 
= G 2 „« 2 +i x G 2 ™ 2 x C 2 "m Q: /(m 4 ,m 2 + l,m 2 ) 

(7V 4 = iV 2 ) 
F: 2/(m 4 ,m 2 + l,m 2 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2 „, 2 +i x G 2m2 +i x G 2 "m No — /(m 4 ,m2 + 1,7712 + 1) 
Mp = 2Af - 36 

Since TV = N x + 3N 2 = 3f(m 4 ,m 2 + 1, m 2 ) - /(m 4 , m 2 ,m 2 ) = 4 m2 (5m 4 - 
5m 2 ) + i [23(4 m2 ) - 8] and M = Mi + 3M 2 = 27V - 72, QG is the direct sum 
of 

7V = 4 m2 (4m 4 - 4m 2 ) + |(4 m2+1 - 1) 

fields and 

N - N = 3/(m 4 , m 2 + 1, m 2 ) - /(m 4 , m 2 ,m 2 ) - /(m 4 , m 2 + 1, m 2 + 1) 

= 4 m2 (m 4 - m 2 ) + |[7(4 m2 ) - 4] 

quaternion algebras while FG is the direct sum of M = 2N — 36 fields and 
M - M = 2(7V - 7V ) - 36 quaternion algebras. 
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Suppose 1714 = W-2 > ?™3 • 

Group No. of Q- and F-classes 

Z(G) 

= G 2 x G 2 ™ 2 x C 2 m 3 x G 2 ™ 2 iVi = 2/(m2,m 2 ,m 3 ) 

Mi = 2JVi - 72 

-Z(G)/<*> 

= C" 2 "»2 x C 2 ">3 x G 2 ™2 Q: /(m 2 ,m 2 ,m3) 

F: 2/(m 2 ,m 2 ,m3) — 36 

<Z(G), 

= C 2m2 + i x C 2 m 3 x C 2 "«2 Q: /(m 2 + l,m 2 ,m 3 ) 

(N 2 = /(m 2 + l,m 2 ,m 3 ) - /(m 2 , m 2 , m 3 )) 
F: 2/(m 2 + l,m 2 ,m 3 ) - 36 
(M 2 = 2JV 2 ) 

WG),V)H*) 

= G 2 ™ 2 x C 2 m 3 +i x C 2 "«2 Q: /(m 2 ,m 2 ,m 3 + 1) 

(■^3 = /(m 2 , m 2 , m 3 + 1) - /(m 2 , m 2 , m 3 )) 
F: 2/(m 2 ,m 2 ,m 3 + 1) - 36 
(M 3 = 2iV 3 ) 

(2(G), ^)/{ s ) 

= G 2 „« 2 + i x C 2 m 3 x C 2 ™ 2 Q: /(m 2 + l,m 2 ,m 3 ) 

(7V 4 = JV a ) 
F: 2/(m 2 + l,m 2 ,m 3 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2m2 +i x G 2 m 3 +i x G 2 ™ 2 N = f(m 2 + l,m 2 ,m 3 + 1) 
M = 2N - 36 

Since N = N± + 2N 2 + iV 3 = 2/(m 2 + 1, m 2 , m 3 ) + f(m 2 ,m 2 , m 3 + 1) - 
f{m 2 ,m 2 ,m 3 ) = ll(2 m2+m 3) - |[5(4 m3 ) + 4] and M = M 1 +2M 2 + M 3 = 
2N - 72, QG is the direct sum of 

iV = 8(2 m2+m3 ) - |[2(4 ms ) + 1] 

fields and 

N - N = 2f(m 2 + f , m 2 ,m 3 ) + f(m 2 ,m 2 , m 3 + 1) - /(m 2 , m 2 ,m 3 ) 

- f(m 2 + f , m 2 , m 3 + f ) = 3(2 m2+ms ) - §(4 ms + 2) 

quaternion algebras while FG is the direct sum of M$ = 2Nq — 36 fields and 
M - M = 2(N - N ) - 36 quaternion algebras. 



58 RAUL A. FERRAZ, EDGAR G. GOODAIRE, AND CESAR POLCINO MILIES 

Suppose 1714 = W-2 = "T-3- 

Group No. of Q- and F-classes 

Z(G) 

= G 2 x C 2 ^2 x C" 2 "«2 x Nt = 2/(m2,m 2 ,m 2 ) 

Mi = 2Ni - 72 

-Z(G)/<*) 

= C2 m 2 x C2 m 2 x C2 m 2 Q: /(m2,m2,m2) 

F: 2/(m,2, fri2, rri2) — 36 

<Z(G), 

= G 2 ™ 2 +i x C*2"«2 x C2"«2 Q: /(m 2 + l,ra 2 ,ra 2 ) 

(■W 2 = /(m 2 + 1, m 2 , m 2 ) - /(ra 2 , m 2 , m 2 )) 
F: 2/(m 2 + l,m 2 ,m 2 ) - 36 
(M 2 = 2iV 2 ) 

WG),V)H*) 

= C-2™2 x C 2m2 + i xC2™2 Q: /(m 2 + l,m 2 ,m 2 ) 

(iV 3 = iV 2 ) 
F: 2/(m 2 + l,m 2 ,m 2 ) - 36 
(M 3 = M 2 ) 

<^(G), xi/>/(«> 

= G 2 „, 2 + i x G 2 ™2 x C 2 ™ 2 Q: /(m 2 + l,m 2 ,m 2 ) 

(7V 4 = JV a ) 
F: 2/(m 2 + l,m 2 ,m 2 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2 „, 2 +i x G 2 „, 2 +i x G 2 ™2 No — f{ni2 + 1, m 2 + 1, m 2 ) 

M = 2A?o - 36 



Since iV = TVi + 3iV 2 = 3/(m 2 + l, m 2 , m 2 ) -/(m 2 , m 2 , m 2 ) = ±[23(4 m2 )- 
8] and M = M\+ 3M 2 = 2N - 36, QG is the direct sum of 

N = |(4 m2+1 - 1) 

fields and 

N - N = 3/(m 2 + 1, m 2 , m 2 ) - /(m 2 , m 2 , m 2 ) - /(m 2 + 1, m 2 + 1, m 2 ) 
= |[7(4 m2 )-4] 

quaternion algebras, while -FG is the direct sum of Mo = 2No — 36 fields 
and M — Mq = 2(N — 7V ) — 36 quaternion algebras. 
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We investigate the final case, m 2 > 7774 > 777,3, first supposing 777-2 > "i<4 > 
7773. 

Group No. of Q- and F-classcs 

2(G) 

= G 2 x G 2 ™ 2 x C 2 m 3 x C 2 "m iVi = 2/(ra 2 ,ra 4 ,m 3 ) 

Mi = 2iVi - 72 

-Z(G)/<») 

^ C 2 "«2 x C 2 ™3 x C 2 "m Q: /(m 2 ,m 4 ,m 3 ) 

F: 2/(m 2 ,m4,m3) — 36 

(-Z(G), *)/<*) 

= G 2 „, 2 + i x C 2 m 3 x C 2 m 4 Q : /(m 2 + 1, m 4 , m 3 ) 



(A^ = /(m 2 + 1, m 4 , m 3 ) - /(m 2 , m 4 , m 3 )) 
F: 2/(m 2 + l,m 4 ,m 3 ) - 36 
(M 2 = 2iV 2 ) 



<2(G),?y)/< S )b 

= G 2 ™ 2 x G 2 ™ 3 +i x C 2 "m Q : /(m 2 , m 4 , m 3 + 1) 



(-N3 = /(m 2 , m 4 , m 3 + 1) - /(m 2 , m 4 , m 3 )) 
F: 2/(m 2 ,m 4 ,m 3 + 1) — 36 
(M 3 = 2iV 3 ) 



{Z{G),xy)/{a) 

= G 2 „« 2 + i x C 2 m 3 x C 2 m 4 Q: /(m 2 + l,m 4 ,m 3 ) 

(AT 4 = N 2 ) 
F: 2/(m 2 + l,m 4 ,m 3 ) - 36 
(M 4 = M 2 ) 

G/G' 

= G 2m2 +i x G 2 m 3 +i x G 2 ™ 4 N = f(m 2 + l,m 4 ,m 3 + 1) 

M = 2Ao - 36 



Since N = N x + 2N 2 + N 3 = 2f(m 2 + 1, 7774, m 3 ) + f(m 2 , m 4 , m 3 + 1) 
f(m 2 , 7774, 7773) = 2 m3+m4 (ll + 3m 2 - 3m 4 ) - |[5(4 m3 ) +4] and M = M x + 
2M 2 + M 3 = 2iV - 72, QG is the direct sum of 

Nq = 2 m 3+m4(8 + _ _ | [2(4 m 3) + X j 



fields and 

N — Nq = 2f(m 2 + 1, 777 4 , 7773) + /(777 2 , 7774, 777 3 + 1) - /(m 2 , 777 4 , 777 3 ) 
- /("T-2 + l,m 4 ,m 3 + 1) 

= 2" t3+m4 (3 + m 2 - m 4 ) - |(4 m3 + 2) 

quaternion algebras, while FG is the direct sum of Mq = 2Nq — 36 fields 
and M — Mq = 2(N — Nq) — 36 quaternion algebras. 
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Now Suppose 771-2 > fnA = ?™3- 

Group No. of Q- and F-classes 

Z(G) 

= C 2 x x C" 2 "«3 x C 2 ™3 Ni = 2f(m 2 ,m 3 ,m 3 ) 

Mi = 2A?i - 72 

Z(G)/(s) ^ 6*2^2 x C 2 m 3 x C 2 m 3 Q: /(m 2 , m 3 , m 3 ) 

F: 2/(m2,m 3 ,m 3 ) - 36 

(2(G), 

= C 2 „, 2 + i x C 2 m 3 x C 2 m 3 Q : /(m 2 + l,m 3 ,m 3 ) 

(iV 2 = /(m 2 + l,m3,m 3 ) - /(m 2 , m 3 , m 3 )) 
F: 2f(m 2 + 1, m 3 , m 3 ) - 36 
(M 2 = 2iV 2 ) 



(2(G), »>/« 

= C" 2 "«2 x C 2 m 3 +i x C 2 ">3 Q: f(m 2 ,m 3 + l,m 3 ) 

(•^3 = f(m 2 ,m 3 + l,m 3 ) - /(m 2 ,m 3 ,m 3 )) 
F: 2/(m 2 ,m 3 + l,m 3 ) - 36 
(M 3 = 2N 3 ) 

(Z(G),xy)/(s) 
= C 2m2 +i x C 2 ™ 3 x C 2 m 3 Q: /(m 2 + l,m 3 ,m 3 ) 

(JV 4 = JVa) 
F: 2/(m 2 + l,m 3 ,m 3 ) - 36 
(Mi = M 2 ) 

GjG' 

= C 2 m 2 +i x C 2 m 3 +i x C 2 ™ 3 N = /(m 2 + 1, m 3 + 1, m 3 ) 
Mp = 2Af - 36 

Since N = N± + 2N 2 + iV 3 = 2/(m 2 + 1, m 3 ,m 3 ) + f{m 2 ,m 3 + 1, m 3 ) - 
f{m 2 ,m 3 ,m 3 ) = 4 m3 (3m 2 -3m 3 ) + ±[23(4 m3 )-8] and M = M 1 +2M 2 +M 3 = 
2N - 72, QG is the direct sum of 

7V = 4 m3 (2m 2 - 2m 3 ) + §(4 m3+1 - 1) 

fields and 

N - N = 2/(m 2 + 1, m 3 , m 3 ) + /(m 2 , m 3 + 1, m 3 ) - f(m 2 ,m 3 ,m 3 ) 

- f(m 2 + l,m 3 + l,m 3 ) = 4 m3 (m 2 - m 3 ) + ±[7(4 m3 ) - 4] 

quaternion algebras while FG is the direct sum of M$ = 2Nq — 36 fields and 
M - M = 2(N - N ) - 36 quaternion algebras. 

(vii) mi = 2, m 2 = m 3 = = 1, s = t\. 

Group No. of if -classes 



Z(G) ^C A xC 2 xC 2 xC 2 


N = 24 




Z(G)/(s) = C 2 xC 2 xC 2 xC 2 


16 




{Z(G),x)/(s)=C 2 xC 4 xC 2 xC 2 


24 {N 2 = 


8) 


{Z(G),y)/( S )^C 2 xC 2 xC4xC 2 


24 (N 3 = 


8) 


(Z(G),xy)/(s) ^C 2 xC i xC 2 xC 2 


24 (Ni = 


8) 


G/G' = C 2 xC i xC i xC 2 


N = 40 
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Since N = N ± + 3N 2 = 48, KG is the direct sum of N = 40 fields and 
iV — iVo = 8 quaternion algebras. 

(viii.a) mi = 2, mi = 7773 = 1, 771,4 = 2, s = t\. 

Group No. of JT-classes 

Z(G) ^C 4 xC 2 xC 2 xC 4 N = 40 
Z(G)/(s) = G 2 x G 2 x G 2 x G 4 24 
(Z(G),x)/(s) S G 2 x G 4 x G 2 x G 4 40 (7V 2 = 16) 
(Z{G),y)/(s) = C 2 xC 2 xC 4 xC 4 40 (7V 3 - 16) 
(2(G), zy)/(s) =C 2 xC 2 xC 4 xC 4 40 (iV 4 = 16) 
G/G' =- C 2 x C 4 x C 4 x C 4 iV = 72 

Since N = N± + 3N 2 = 88, i^G is the direct sum of N = 72 fields and 
N — Nq = 16 quaternion algebras. 

(vifi.b) 777i = 2, 7772 = 1TT-3 = 1, "74 > 3, S = t\. 

Group No. of Q-classes No. of F-classes 



Z{G) 














= G 4 x G 2 x G 2 x G 2 ™ 4 


Ni = 16m 4 + 


8 


Mi = 


32m 4 - 24 






^(G)/(.s) 














= G 2 x G 2 x G 2 x G 2 m 4 


8m 4 + 8 




16m 4 


-8 






(Z£G),x)/( s ) 














= G 2 x G 4 x G 2 x G 2 m 4 


16m 4 + 8 (N 2 


= 8to 4 ) 


32m 4 


- 24 (M 2 = 


16m 4 — 


16) 


(Z(G),y)/(a) 














= G 2 x G 2 x G 4 x G 2 ™ 4 


16m 4 + 8 (N 3 


= 8m 4 ) 


32m 4 


- 24 (M 3 = 


16m 4 — 


16) 


(ZfP),xy)/(a) 














= G 2 x G 2 x G 4 x G 2 m 4 


16m 4 + 8 (N 4 


= 8m 4 ) 


32m 4 


- 24 (M 4 = 


16m 4 — 


16) 


G/G' 














= G 2 x G 4 x G 4 x G 2 ™4 


N = 32m 4 + 


8 


M = 


64m 4 — 56 







Since N = N x + 37V 2 = 40t77 4 + 8 and M = Mi + 3M 2 = 8O7774 - 72, QG is 
the direct sum of Nq = 327774+8 fields and N—Nq = 87774 quaternion algebras 
while FG is the direct sum of Mq = QAm^ — 56 fields and M—Mq = I67774 — 16 
quaternion algebras. 

(ix.a) mi = 2, 7772 = 1, ^3 = 2, 7774 = 1, s = t\. (The conclusions in the 
case 2, 2, 1, 1 are the same.) 

Group No. of Q-classes No. of F-classes 



Z(G) ^C 4 xC 2 xC 4 xC 2 


TVi = 40 




Mi = 40 




Z(G)/(s) ^C 2 xC 2 xC 4 xC 2 


24 




24 




(Z(G), x)/(s) ^C 2 xC 4 xC 4 xC 2 


40 (N 2 = 


16) 


40 (M 2 = 


16) 


(Z(G),y)/(s)=C 2 xC 2 xC s xC 2 


32 (N 3 = 


8) 


40 (M 3 = 


16) 


(Z(G),xy)/(s) =C 2 xC 2 xC s xC 2 


32 (N 4 = 


8) 


40 (M 4 = 


16) 


G/G' = G 2 x G 4 x Gs x G 2 


No = 56 




Mo = 72 
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Since N = N ± + N 2 + 2N 3 = 72 and M = M x + 3M 2 = 88, QG is the 
direct sum of A^o = 56 fields and iV — iVo = 16 quaternion algebras while FG 
is the direct sum of Mq = 72 fields and M — Mq = 16 quaternion algebras. 

(ix.b)mi = 2, ni2 = 1, m% > 3, m^ = 1, s = t\. (The conclusions in the 
case 2, to 2 > 3, 1, 1 are the same.) 

Group No. of Q- and F-classes 

Z(G) S C* 4 x C 2 x C 2 - 3 x C7 2 iVi = 16m 3 + 8 

M x = 32m 3 - 24 

Z{G)/{s) = C 2 xC 2 x x C 2 Q: 8m 3 + 8 

F: 16m 3 - 8 

(Z(G),x)/(s) £ C* 2 x C7 4 x C 2 - 3 x C 2 Q: 16m 3 + 8 (JV 2 - 8m 3 ) 

F: 32m 3 - 24 (M 2 = 16m 3 - 16) 

(Z(G),y)/(s) S C 2 x C 2 x C 2m3+ i x C 2 Q: 8m 3 + 16 (iV 3 = 8) 

F: 16m 3 + 8 (M 3 = 16) 

(Z{G),xy)/(s) = C 2 xC 2 x C 2m3+ i x C 2 Q: 8m 3 + 16 (iV 4 = 8) 

F: 16m 3 + 8 (M 4 = 16) 

G/G" = G 2 x G 4 x C 2m3 +i x C 2 AT = 16m 3 + 24 
M = 32m 3 + 8 

Since N = Aq + iV 2 + 2iV 3 = 24m 3 + 24 and M = M x + M 2 + 2M 3 = 
48m 3 - 8, QG is the direct sum of N = 16m 3 + 24 fields and N - N = 8m 3 
quaternion algebras while FG is the direct sum of Md = 32m 3 + 8 fields and 
M — Mq = 16m 3 — 16 quaternion algebras. 



(x.a) mi = 2, m 2 = 1, m 3 = 7714 = 2, s = t\. (The conclusions in the case 
2, 2, 1, 2 are the same.) 

Group No. of Q-classes No. of F-classes 



Z(G) ^C 4 xC 2 xC 4 xC 4 


m = 


72 


Mi = 


72 


Z(G)/(s) ^C 2 xC 2 xC i xC i 


40 




40 




(Z(G),x)/(s) ^C 2 xC i xC i xC i 


72 (N 2 : 


= 32) 


72 (M 2 


= 32) 


(Z(G),y)/(s) s C 2 x C 2 x C 8 x C 4 


56 (N 3 ■■ 


= 16) 


72 (M 3 


= 32) 


(Z(G),xy)/(a) = C 2 x C 2 x C 8 x C 4 
G/G' ^C 2 xC 4 xC s xC 4 


56 (N 4 : 


= 16) 


72 (M 4 


= 32) 


N = 


104 


M = 


136 



Since N = Aq + N 2 + 2N 3 = 136 and M = M 1 + 3M 2 = 168, QG is 
the direct sum of A^o = 104 fields and A" — Nq = 32 quaternion algebras 
while FG is the direct sum of Mo = 136 fields and M — Mo = 32 quaternion 
algebras. 
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(x.b) mi = 2, r«2 = 1, m-3 > 3, 7774 = 2, s = t\. (The conclusions in the case 
2, 7772 > 3, 1, 2 are the same.) 



Group 




No. of Q- and F-classes 


?(G\ — Ca x Go x Go m „ x Ca 


O 






F: 


Mi = 64m 3 - 56 


Z{G)/{s) = C 2 xC 2 x C 2m3 x C 4 


Q: 


16m 3 + 8 




F: 


32m 3 - 24 


(Z{G),x)/{s) S C 2 x C 4 x C2-3 x C 4 


Q: 


32m 3 + 8 {N 2 = 16m 3 ) 




F: 


64m 3 - 56 (M 2 = 32m 3 - 32) 


(Z(G),y)/(a) = C 2 xC 2 x C 2m3+ i x C 4 


Q: 


16m 3 + 24 (N 3 = 16) 




F: 


32m 3 + 8 (M 3 = 32) 


(Z(G),xy)/(s) ^C 2 xC 2 x C 2 m 3+ i x C 4 


Q: 


16m 3 + 24 (N 4 = 16) 




F: 


32m 3 + 8 (M 4 = 32) 


G/G' s C 2 x C 4 x C 2m3+ i x C 4 




= 32m 3 + 40 




M = 64m 3 + 8 



Since N = Ni + N 2 + 2N 3 = 48m 3 + 40 and M = M x + M 2 + 2M 3 = 
96m 3 -24, QG is the direct sum of N = 32m 3 +40 fields and N-N = 16m 3 
quaternion algebras while FG is the direct sum of Mq = 64?77 3 + 8 fields and 
M — Mq = 32tt7 3 — 32 quaternion algebras. 



(x.c) mi = 2, 7772 = I, ?™3 = 2, 7774 > 3, s = tf. (The conclusions in the case 
2, 2, 1, 7774 > 3 are the same.) 

Group No. of Q- and F-classes 



Z{G) ~ C 4 x C 2 x C* 4 x C 2 ^ 4 


TVi = 32m 4 + 8 








Mi = 64m 4 - 56 






Z(G)/(s) ^C 2 xC 2 xC 4 x C 2 m A 


Q: 16m 4 + 8 








F: 32m 4 - 24 






(Z(G),x)/(s) =C 2 xCixCiX C 2 m 4 


Q : 32m 4 + 8 (N 2 = 


16m 4 ) 






F: 64m 4 - 56 (M 2 


= 32m 4 


- 32) 


(Z(G),y)/(s) ^C 2 xC 2 xC s x C 2 ™ 4 


Q : 32m 4 - 8 (N 3 = 


16to 4 — 


16) 




F: 64m 4 - 56 (M 3 


= 32m 4 


- 32) 


(Z(G),xy)/(s) =C 2 xC 2 xC 8 x GV 4 


Q : 32m 4 - 8 (N 4 = 


16to 4 — 


16) 




F: 64m 4 - 56 (M 4 


= 32m 4 


- 32) 


G/G' S C 2 x C 4 x C 8 x C 2 ™ 4 


iV = 64m 4 - 24 








M = 128m 4 - 120 







Since N = N 1 +N 2 +2N 3 = 80tt7 4 - 24 and M = M 1 +M 2 +2M 3 = I6O7774- 
152, QG is the direct sum of iVo = 647774 — 24 fields and N — Nq = I67774 
quaternion algebras while FG is the direct sum of Mq = I287774 — 120 fields 
and M — Mq = 327774 — 32 quaternion algebras. 
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(x.d) mi = 2, 777,2 = 1, m-3 > 3, 7774 > 3, s = t\. (The conclusions in the case 
2, 7772 > 3, 1, 7774 > 3 are the same.) 

Assume first that 7773 = 7774. 



Group No. of Q-classes No. of F-classes 



Z{G) 


iVi = 2 m3 + 3 • 3 - 


24 


Mi = 2 m3 + 4 • 3 - 


120 


= C4 X C2 X C*2 m 3 X C2™3 










Z(G)/(s) 


2 m 3 +2 . 3 _ § 




2^3+3 . 3 _ 56 




— C 2 X C2 X C*2 m 3 X C*2™3 












2^3+3 .3-24 




2^3+4 . 3 _ 120 




— C2 X C4 X C2 m 3 X C2™3 


(N 2 = 2 TO3 + 2 • 3 - 


- 16) 


(M 2 = 2 m3 + 3 • 3 - 


-64) 


(Z(G),y)/(s) 


2 m 3 +2 . 4 _ 8 




2 "i4+3 . 4 _ 56 




— C 2 X C*2 X C2m3+! X C*2™3 


(7V 3 = 2™3+2) 




(M 3 = 2 m3 + 3 ) 




(Z(G),xy)/(s) 


2 m 3 +2 . 4 _ 8 




2 "4+3 . 4 _ 56 




= C 2 X C 2 X C 2 m3+1 X C2m3 


(7V 4 = 2 m3 + 2 ) 




(M 4 = 2 m4 + 2 ) 




G/G' 


iV = 2 TO3 + 3 • 4 - 


24 


M = 2 m3 + 4 • 4 - 


120 


— C2 X C4 X C 2 ™ 3 + i X C2 m 3 











Since N = N 1 + N 2 + 2N 3 = 2 m ' i+2 -11-40 and M = M x + M 2 + 2M 3 = 
2««+3 . n _ 184> q G ig the direct sum of = 2 ™ 3 +5 _ 24 fields and 

iV — Nq = 2 m3+2 -3 — 16 quaternion algebras while FG is the direct sum of 
M = 2™ 3+6 - 120 fields and M - M = 2 m3+3 -3-64 quaternion algebras. 



Now assume 7773 > 7774. 

Group 



No. of Q- and ^-classes 



JJ(G) = C4 x Ci x C2 m 3 x C2">4 
Z(G)/{s) ^C 2 xC 2 x C 2 - 3 x G 2 ™ 4 



{Z(G),x)/ (s) 
= C 2 x C 4 x C 2 - 



x C; 



2"M 



= C*2 X C2 X C 2 TO3+1 X C 2 ™i 



(Z(G),xy)/(s) 

— C 2 X C 2 X C2m3+1 X C 2 ™i 



G/G" s C 2 x C 4 x G 2 ™3+i x G 2 -m 



N l = 2 m4+3 (3 + m 3 - m 4 ) - 24 
Mi = 2 m4+4 (3 + m 3 - m 4 ) - 120 

Q: 2 m4+2 (3 + m 3 -m 4 )-8 
F: 2 m4 + 3 (3 + m 3 -TO 4 )-56 

Q: 2 m4+3 (3 + m 3 -m 4 )-24 

(N 2 = 2 mi+2 (3 + m 3 - m 4 ) - 16) 

F: 2 m4+4 (3 + m 3 - m 4 ) - 120 

(M 2 = 2 m4+3 (3 + m 3 - m 4 ) - 64) 

Q: 2 m4+2 (4 + m 3 -m 4 )-8 

(Af 3 = 2 m *+ 2 ) 
^. 2 m4+3 (4 + m 3 -TO 4 )-56 

(M 3 = 2 m4 + 3 ) 

Q: 2 m4+2 (4 + m 3 -m 4 )-8 

(N 4 = 2 m4 + 2 ) 
F: 2 m4+3 (4 + m 3 -TO 4 )-56 

(M 4 = 2 m4 + 3 ) 

A^o = 2 m4+3 (4 + m 3 - m 4 ) - 24 
M = 2 m4+4 (4 + m 3 - m 4 ) - 120 
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Since N = JVi + N 2 + 2N 3 = 2 m4+2 (ll + 3m 3 - 3m 4 ) - 40 and M = 
Mi + M 2 + 2M 3 = 2 m4+3 (ll + 3m 3 - 3m 4 ) - 184, QG is the direct sum of 
N = 2 m4+3 (4 + m 3 -m 4 )-24 fields and N - N = 2 m4+2 (3 + m 3 -m 4 ) - 16 
quaternion algebras while FG is the direct sum of Mq = 2 m4+4 (4 + m 3 — 
m 4 )-120 fields and M-M = 2 m4+3 (3 + m 3 -m 4 ) -64 quaternion algebras. 



Finally, assume that m 3 < m 4 . 
Group 



No. of Q- and F-classes 



Z{G) ^ C* 4 x C 2 x C2-3 x C 2 -m ATi = 2 m3+3 (3 + m 4 - m 3 ) - 24 

Mi = 2 m3+4 (3 + m 4 - m 3 ) - 120 

Z{G)/{s) = C 2 xC 2 x C 2 m 3 x C 2 m 4 Q: 2 m3+2 (3 + m 4 - m 3 ) - 8 

F: 2 m3+3 (3 + m 4 -m 3 )-56 



(Z(G),x)/(s) 

— C 2 x C 4 X C 2 « 



x C 2 



(^G),y)/( S ) 

= C 2 X C 2 X C 2 m 3 +1 X C 2 ™4 



{Z{Q),xy)/{s) 
= C 2 x C 2 x C 2 m 3 +i x C 2 "i 4 



GjG' = C 2 x C 4 x C 2 m 3 +i x C 2 m 4 



Q: 2 m3+3 (3 + m 4 -m 3 )-24 

(7V 2 = 2 m3+2 (3 + m 4 - m 3 ) - 16) 

F: 2 m3+4 (3 + m 4 - m 3 ) - 120 

(M 2 = 2 m3+3 (3 + m 4 - m 3 ) - 64) 

Q: 2 m3+3 (2 + m 4 -m 3 )-8 

(7V 3 = 2 m3+2 (l + m 4 -m 3 )) 

F: 2 m3+4 (2 + m 4 -m 3 )-56 

(M 3 = 2 m3+3 (l + m 4 -m 3 )) 

Q: 2 m3+3 (2 + m 4 -m 3 )-8 

(7V 4 = 2 m3+2 (l + m 4 -TO 3 )) 

F: 2 m3+4 (2 + m 4 -m 3 )-56 

(M 4 = 2 m3+3 (l + m 4 -m 3 )) 

AT = 2 m3+4 (2 + m 4 - m 3 ) - 24 
M = 2 m3+5 (2 + m 4 - m 3 ) - 120 



Since N = iVi + N 2 + 2N 3 = 2 m3+2 (ll + 5m 4 - 5m 3 ) - 40 and M = 
Mi + M 2 + 2M 3 = 2 ma+3 (ll + 5m 4 - 5m 3 ) - 184, QG is the direct sum of 
N = 2 m3+4 (2 + m 4 -m 3 )-24 fields and N - N = 2 ma+2 (3 + m 4 - m 3 ) - 64 
quaternion algebras while FG is the direct sum of Mo = 2 m3+5 (2 + m 4 — 
m 3 ) — 120 fields and M — Mq = 2 m3+3 (3 + m 4 — m 3 ) — 64 quaternion algebras. 



(xi.a) mi = 2, 1712 = m 3 = 2, m 4 = 1, s = t\ 



Group 



No. of Q-classes No. of ^-classes 



Z(G) ~ C 4 x C 4 x C 4 x C 2 


m = 


72 


Mi = 


72 


Z(G)/(s) ^C 2 xC i xC i xC 2 


40 




40 




(Z(G),x)/(s) =C 2 xC s xC 4 xC 2 


56 (N 2 -- 


= 16) 


72 (M 2 


= 32) 


{Z(G) 1 y)/(s) = C 2 xG l xC s xC 2 


56 (N 3 -- 


= 16) 


72 (M 3 


= 32) 


(Z(G),xy)/(s) =C 2 xC 4 xC s xC 2 
GjG' = C 2 xC s xC s xC 2 


56 (7V 4 = 


= 16) 


72 (M 4 


= 32) 


N = 


88 


M - 


136 



Since N = Ni + 37V 2 = 120 and M = M x + 3M 2 = 168, QG is the direct 
sum of Nq = 88 fields and N — No = 32 quaternion algebras while FG is 
the direct sum of Mq = 136 fields and M — Mq = 32 quaternion algebras. 
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(xi.b) m\ = 2, 77i 2 > 3, 7723 = 2, 7774 = 1, s = t\. (The conclusions in the 
case 2, 2, 7713 > 3, 1 are the same.) 



Group 


No. of Q- and F-classes 


Z(G) S C\ x C 2 ™ 2 x C 4 x C 2 


N\ = 32m 2 + 8 

Mi = D4m 2 — 00 


Z(G)/(s) = C 2 x C 2m2 x C 4 x C 2 


Q: 16m 2 + 8 
F: 32m 2 - 24 


(Z(G),x)/(a) = C 2 x C 2m2 +i xC A xC 2 


Q : 16m 2 + 24 (iV 2 = 16) 
F : 32m 2 + 8 (M 2 = 32) 


(Z{G),y)/(s) = C 2 x C 2m2 xC 8 xC 2 


Q : 32m 2 - 8 ( N 3 = 16m 2 - 16) 
F : 64m 2 - 56 (M 3 = 32m 2 - 32) 


(Z(G),xy)/(s) ^C 2 x C 2m2+ i xC 4 xC 2 


Q : 16m 2 + 24 (iV 4 = 16) 
F: 32m 2 + 8 (M 4 = 32) 


G/G' ^ C 2 x C 2m2+ i x C s x C 2 


iVo = 32m 2 + 24 
M = 64m 2 + 8 



Since N = ^ + 2N 2 + N 3 = 48m 2 + 24 and M = M x + 2M 2 + M 3 = 
96m 2 -24, QG is the direct sum of N = 32m 2 +24 fields and N-N = 16m 2 
quaternion algebras while FG is the direct sum of Mq = 64m 2 + 8 fields and 
M — Mq = 32m 2 — 32 quaternion algebras. 



(xi.c) mi = 2, 77i 2 > 3, 7773 > 3, 7774 = 1, s = t\. By symmetry in x and y, 
we may assume that 777 2 > 7773. We deal with the case m 2 > 7773 first. 

Group No. of Q- and F-classes 

Z(G) S C 4 x C 2 ™ 2 x C 2 m 3 xC 2 Ni = 2 m 3+ 3 (3 + m 2 - m 3 ) - 24 

Mi = 2" l3+4 (3 + m 2 - m 3 ) - 120 

Z(G)/(s) = C 2 x GV2 x C 2 m 3 x C 2 Q: 2™ 3+2 (3 + m 2 - m 3 ) - g 

F: 2 m3+3 (3 + m 2 - m 3 ) -56 

(Z(G),x)/(s) ^C 2 x C 2m2+ i x C 2 m 3 xC 2 Q: 2 m3+2 (4 + m 2 - m 3 ) - 8 

(N 2 = 2 m3 + 2 ) 
F: 2" l3+3 (4 + m 2 - m 3 ) -56 
(M 2 = 2" l3 + 3 ) 

(Z(G),y)/(s) ^C 2 x C 2m2 x C 2m3+ i x C 2 Q: 2 m3+3 (2 + m 2 - m 3 ) - 8 

(AT 3 = 2 m3+2 (l + m 2 -m 3 )) 
F: 2" l3+4 (2 + m 2 -m 3 ) -56 

(M 3 = 2 m3+3 (l + m 2 -m 3 )) 

(Z(G),xy)/(s) ^C 2 x C 2m2+ i x C 2 m 3 x C 2 Q: 2 m3+2 (4 + m 2 - m 3 ) - 8 

(N4 = 2 m3 + 2 ) 
F: 2" l3+3 (4 + m 2 - m 3 ) - 56 
(M 4 = 2" l3 + 3 ) 

G/G' ^C 2 x C 2 m 2 +i x C 2 m 3 +i xC 2 N„ = 2" l3+3 (3 + m 2 - m 3 ) - 8 
Mq = 2 m3+4 (3 + m 2 - m 3 ) - 56 
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Since N = iVi + 2N 2 + N 3 = 2 m3+2 (9 + 3m 2 - 3m 3 ) - 24 and M = 
Mi + 2M 2 + M 3 = 2 m3+3 (9 + 3m 2 -3m 3 )-120, QG is the direct sum of iV = 
2 m3+3 (3+m 2 -m 3 )-8 fields and N-N = 2 m3+2 (3+m 2 -m 3 )-16 quaternion 
algebras while FG is the direct sum of Mq = 2 m3+4 (3 + m 2 — m 3 ) — 56 fields 
and M — Mq = 2™ 3+3 (3 + m 2 — m 3 ) — 64 quaternion algebras. 

When m 2 = m 3 , here's what happens. 



Group No. of Q- and F-classes 



Z(G) = C 4 x GV2 x G 2 ™ 2 x G 2 




iVi = 2" l2+3 


3-24 






M 


! = 2" l2 + 4 


•3-120 




Z{G)/{s) = C 2 x C 2m2 x G 2 ™ 2 x C7 2 




Q 


2 m 2 +2 . 3 


- 8 








F 


2m 2 +3 _ 3 


- 56 




(Z(G),x)/(a) = C 2 x GV 2+ i x G 2 ™ 2 


x G 2 


Q 


2">2+2 . ^ 


-8(N 2 = 


2 m 2 +2-j 






F 


2m 2 +3 . 4 


- 56 (M 2 


__ 2 m 2 + 3 ^ 


(Z(G),y)/(s) = C 2 xG 2 ~ 2 xC 2m2+ i 


x G 2 


Q 


2 m 2 +2 . ^ 


— 4 = 


2 m 2 +2^ 






F 


2m 2 +3 . ^ 


- 56 (M 3 


__ 2 m 2 +3j 


(Z(G),xy)/(s) ^ G 2 x GV 2 x G 2m2+ i x G 2 


Q 


2 m 2 +3 . ^ 


— 4 (A/4 = 


2 m 2 +2-j 






F 


2"i 2 +3 _ ^ 


- 56 (M 4 


__ 2 m 2 +3^ 



G/G' ^ G 2 x G 2 ™ 2 +i x G 2 ™ 2 +i x G 2 7V = 2 m2 + 3 -3-8 

M = 2 m2 + 4 • 3 - 56 

Since N = N 1 + 3N 2 = 2 m2+2 (9) - 24 and M = M x + 3M 2 = 2 m2+3 (9) - 
120, QG is the direct sum of N = 2 m2+3 -3-8 fields and N - N = 2 m2 + 2 ■ 
3 — 16 quaternion algebras while FG is the direct sum of Mq = 2 m2+4 -3 — 56 
fields and M - Mq = 2 m ' 2+3 -3 — 64 quaternion algebras. 

(xii.a) mi = 2, m 2 = m 3 = m 4 = 2, a = t 2 . 



Group No. of Q-classes No. of F-classes 



Z(G) ^C 4 xC 4 xC 4 xC 4 


m = 


136 


M 1 = 


136 


Z(G)/(s) ^C 2 xC 4 xC 4 xC 4 


72 




72 




(Z{G),x)/(s) ^C 2 xC s xC 4 xC 4 


104 (N 2 


= 32) 


136 (M 2 


= 64) 


{Z(G),y)/( S )^C 2 xC 4 xC s xC 4 


104 (N 3 


= 32) 


136 (M 3 


= 64) 


(Z(G),xy)/(s) ^C 2 xC 4 xC s xC 4 


104 {N 4 


= 32) 


136 {M A 


= 64) 


G/G' ^C 2 xC s xC s xC 4 


N = 


168 


M = 


264 



Since N = N x + 2>N 2 = 232 and M = M x + 3M 2 = 328, QG is the direct 
sum of No = 168 fields and N — Nq = 64 quaternion algebras while FG is 
the direct sum of Mq = 264 fields and M — Mq = 64 quaternion algebras. 
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(xii.b) mi = 2, 777,2 > 3, 7773 = 2, 7774 = 2, s = t\. (The case 2,2,7773 > 3,2 
will give identical results.) 



Group 


No. of Q- and F-classes 


Z(G) S C 4 x C 2 ™ 2 x C 4 x C 4 


iVi = 64m 2 + 8 
Mi = 128m 2 - 120 


Z(G)/{s) s C 2 x C 2 ™ 2 x C 4 x C 4 


Q : 32m 2 + 8 
F: 64m 2 - 56 


(Z(G),x)/(s) s C 2 x C 2m2+ i x C 4 x C 4 


Q: 32m 2 + 40 (iV 2 = 32) 
F: 64m 2 + 8 (M 2 = 64) 


(Z{G),y)/(s) = C 2 x C 2m2 x C 8 x C 4 


Q: 64m 2 - 24 (7V 3 = 32m 2 - 32) 
F: 128m 2 - 120 (M 3 = 64m 2 - 64) 


(Z(G),xy)/(s) S C 2 x C 2m2+ i x C 4 x C 4 


Q: 32m 2 + 40 (iV 4 = 32) 
F: 64m 2 + 8 (M 4 = 64) 


G/G" S C* 2 x GV 2+ i x G 8 x G 4 


iV = 64m 2 + 40 
M = 128m 2 + 8 



Since N = iVi + 2iV 2 + iV 3 = 96m 2 + 40 and M = M x + 2M 2 + M 3 = 
192t77 2 -56, QG is the direct sum of N = 64tt7 2 +40 fields and N-N = 32m 2 
quaternion algebras while FG is the direct sum of Mq = 1 287772 + 8 fields 
and M — Mq = 64tt72 — 64 quaternion algebras. 



(xii.c) 7771 = 2, 7772 = 2, 771-3 = 2, 7774 > 3, S = t\. 

Group No. of Q- and F-classes 

Z(G) = G 4 x G 4 x G 4 x GV 4 ATi = 64m 4 + 8 

Mi = 128m 2 - 120 

Z(G)/(s) = G 2 x G 4 x G 4 x G 2 ™ 4 Q: 32m 4 + 8 

F: 64m 4 - 56 

(Z(G),x)/(s) ^ G 2 x G 8 x G 4 x G 2 ™ 4 Q: 64m 4 - 24 (N 2 = 32m 4 - 32) 

F: 128to 4 - 120 (M 2 = 64m 4 - 64) 

(Z(G),y)/(s) ^ G 2 x G 4 x G 8 x C 2 ^ Q: 64m 4 - 24 (N 3 = 32m 4 - 32) 

F: 128m 4 - 120 (M 3 = 64m 4 - 64) 

(Z(G),xy)/{s) ^ G 2 x G 4 x G 8 x G 2 ™ 4 Q: 64m 4 - 24 (AT 4 = 32m 4 - 32) 

F: 128m 4 - 120 (M 4 = 64m 4 - 64) 

G/G' ^ G 2 x G 8 x G 8 x G 2 ™ 4 iV = 128to 4 - 88 
M = 256m 4 - 248 

Since N = Ni + 3N 2 = 160tt7 4 - 88 and M = M x + 3M 2 = 320t77 4 - 312, 
QG is the direct sum of N = 128t77 4 - 88 fields and N — No = 192777 4 
quaternion algebras while FG is the direct sum of Mq = 256t77 4 — 248 fields 
and M — Mq = 64tt7 4 — 64 quaternion algebras. 
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(xii.d) mi = 2, m 2 > 3, to 3 > 3, = 2, s = t\. Because of the symmetry 
with respect to x and y, we may assume that m 2 > m 3 . Assume first, in 
fact, that rri2 > m 3 . 

Group No. of Q- and F-classes 

Z(G) ^ C 4 x C 2 ™ 2 x C 2 m 3 x G 4 iVi = 2" l3+4 (3 + m 2 - m 3 ) - 56 

Mi = 2™ 3+5 (3 + m 2 - m 3 ) - 248 

Z(G)/(s) ~ G 2 x G 2 ™ 2 x C 2 m 3 x C 4 Q: 2™ 3+3 (3 + m 2 - m 3 ) - 24 

F: 2" l3+4 (3 + m 2 - m 3 ) - 120 

(Z(G),x)/(s) S C 2 x C 2 ™ 2+ i x C 2 m 3 x C 4 Q: 2 m3+3 (4 + m 2 - m 3 ) - 24 

(JV 2 = 2 m3 + 3 ) 
F: 2" l3+4 (4 + m 2 - m 3 ) - 120 
(M 2 = 2" l3 + 4 ) 

(Z(G),y)/(s) = C 2 x GV 2 x C^+i x C 4 Q: 2 m3+4 (2 + m 2 - m 3 ) - 24 

(JV 3 = 2 m3+3 (l + m 2 -m 3 )) 
F: 2" l3+5 (2 + m 2 - m 3 ) - 120 
(M 3 = 2" i3+4 (l + m 2 -m 3 )) 

(Z(G),xy)/(s) =C 2 x C 2m2+ i x C 2 m 3 xC 4 Q: 2 m3+3 (4 + m 2 - m 3 ) - 24 

(N 4 = 2 m3 + 3 ) 
F: 2" l3+4 (4 + m 2 - m 3 ) - 120 
(M A = 2" l3 + 4 ) 

G/G' ^ G 2 x G 2 ™ 2 +i x G 2m3 +i x C 4 iV = 2" i3+4 (3 + m 2 - m 3 ) - 24 

M = 2" l3+5 (3 + m 2 - m 3 ) - 120 



Since N = N ± + 2N 2 + N 3 = 2 m3+3 (9 + 3m 2 - 3m 3 ) - 56 and M = 
Mi + 2M 2 + M 3 = 2 m3+4 (9 + 3m 2 - 3m 2 ) - 248, QG is the direct sum of 
N = 2 m3+4 (3 + m 2 - m 3 ) - 24 fields and iV - N = 2 m3+3 (3 + m 2 - m 3 ) - 32 
quaternion algebras while FG is the direct sum of Mq = 2 m3+5 (3 + m 2 — 
m 3 ) - 120 fields and M - M = 2 m3+4 (3 + m 2 - m 3 ) - 128 quaternion 
algebras. 
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Now assume m,2 = m^. 



Group 






No. of Q- and F-classes 


— O4 X G 2 ™»2 X U2 m 2 X O4 




ATi = 2 m2 + 4 -3-56 






M 


1 = 2 m2 + 5 -3-248 


Z(G)/(s) — C 2 x 62^2 x 62^2 x C4 




Q 

F 


2"2+3 . 3 _ 24 

2 m 2 +4 . 3 _ 120 


(Z(G),x)/(s) ^C 2 x C 2m2 +i x C 2 -2 


x C 4 


Q 

F 


2>"2+3 . 4 _ 24 (tv 2 = 2 m2+3 ) 
2 m2+4 . 4 _ 12 o (M 2 = 2 m2 + 4 ) 


(Z(G),y)/(s) £- C 2 x CV 2 x C 2 ™ 2 +i 


X C* 4 


Q 

F 


2 m 2 +5 _ 24 (_/v 3 = 2 m2 + 3 ) 

2 m2+6 _ 12 Q (M 3 = 2 m2 + 4 ) 


(Z(G),xy)/(s) S C 2 x C 2m2 +i x C 2m 


2 X C4 


Q 

F 


2 m2 + 5 - 24 (iV 4 = 2 m2+3 ) 
2 m2 + 6 - 120 (M A = 2 m2 + 4 ) 


G/G 1 = C2 x (72^2+1 x C 2 m 2 +i x C4 




iV = 2 m2 + 4 -3-24 
M = 2 m2 + 5 -3-120 



Since N = N 1 + 3N 2 = 2 m2+3 (9) - 56 and M = M 1 + 3M 2 = 2 m2+4 (9) - 
248, QG is the direct sum of N = 2 m2+4 • 3 - 24 fields and N - N = 2 m2 + 2 • 
3 — 32 quaternion algebras while FG is the direct sum of Mq = 2 m2+5 -3 — 120 
fields and M - M = 2 m2 + 4 -3-128 quaternion algebras. 

(xii.e) mi = 2, m 2 > 3, 7773 = 2, 7774 > 3, s = t±. (Conclusions in the case 
2, 2, 771,3 > 3, 7724 > 3 are the same.) 

Here there two possibilities, the first being the case 7772 > 7774. 

Group No. of Q- and F-classes 

Z(G) ^ C* 4 x C 2 m 2 x C 4 x C 2 m 4 A^i = 2 m4+4 (3 + m 2 - m 4 ) - 56 

Mi = 2 m4+5 (3 + m 2 - m 4 ) - 248 

Z(G)/(s) = C 2 x CV 2 x C 4 x C 2 ™ 4 Q: 2™ 4+3 (3 + m 2 - m 4 ) - 24 

F: 2 m4+4 (3 + m 2 - m 4 ) - 120 

(Z(G),x)/(s) ^C 2 x C 2m2 +i xC 4 x C 2m4 Q: 2 m4+3 (4 + m 2 - m 4 ) - 24 

(N 2 = 2 m4 + 3 ) 
F: 2 m4+4 (4 + m 2 -m 4 ) - 120 
(M 2 = 2 m4 + 4 ) 

(Z(G),y)/(s) S C 2 x C 2m2 x C7 8 x C 2 ™ 4 Q: 2™ 4+4 (3 + m 2 - m 4 ) - 88 

(AT 3 = 2 m4+3 (3 + m 2 - m 4 ) - 64) 
F: 2 m4+5 (3 + m 2 -m 4 )-248 

(M 3 = 2 m4+4 (3 + m 2 - m 4 ) + 56) 

(Z(G),xy)/(s) ^C 2 x CV^+i x C 4 x CW Q: 2 m4+3 (4 + m 2 - m 4 ) - 24 

(N 4 = 2 m4 + 3 ) 
F: 2 m4+4 (4 + m 2 - m 4 ) - 120 
(M 4 = 2 m4 + 4 ) 

G/G' ^ C 2 x C 2m2 +i x C 8 x C* 2 ™ 4 A^o = 2 m4+4 (4 + m 2 - m 4 ) - 88 

M = 2 m4+5 (4 + m 2 - m 4 ) - 248 
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Since N = Ni + 2N 2 + N 3 = 2 m4+3 (ll + 3m 2 - 3m 4 ) - 120 and M = 
Mi + 2M 2 + M 3 = 2 m4+4 (ll + 3m 2 - 3m 4 ) - 192, QG is the direct sum of 
N = 2 m4+4 (4 + m 2 -m 4 )-88 fields and N-N = 2 m4+3 (3 + m 2 - m 4 ) - 32 
quaternion algebras while FG is the direct sum of Mq = 2 m4+5 (4 + m 2 — 
m 4 ) - 248 fields and M - M = 2 m4+4 (3 + m 2 - m 4 ) - 104 quaternion 
algebras. 

Now assume m 4 > m 2 . 

Group No. of Q- and F-classes 



2(G) ^ C 4 x C 2 -2 x C 4 x C 2 ™ 4 
Z{G)/(s) S C 2 x C 2 m 2 x C 4 x C 2m4 
<iJ(G), *>/<*) 

— C 2 X C 2 m 2 + 1 X C 4 X C 2 m 4 

— C 2 X C 2 ™2 x C*8 x C 2 m 4 

(Z(G),xy)/(s) 

— C 2 X C 2 m 2 + 1 X C 4 X C 2 "» 4 

G/G" s G 2 x G 2 ™ 2+ i x G 8 x G 2 ™ 4 



TVi = 2 m2+4 (3 + m 4 - m 2 ) - 56 
Mi = 2 m2+5 (3 + m 4 - m 2 ) - 248 

Q: 2 m2+3 (3 + TO 4 -TO 2 )-24 
F: 2 m2+4 (3 + m 4 - m 2 ) - 120 

Q: 2 m2+4 (2 + TO 4 -TO 2 )-24 
(iV 2 = 2 m2 + 3 (l + m 4 -m 2 )) 

F: 2 m2+5 (2 + m 4 - m 2 ) - 120 
(M 2 = 2 m2+4 (l + m 4 -m 2 )) 

Q: 2 m2+4 (3 + m 4 -m 2 )-88 

(iV 3 = 2 m2+3 (3 + m 4 - m 2 ) - 64) 

F: 2 m2+5 (3 + m 4 - m 2 ) - 248 

(M 3 = 2 m2+4 (3 + m 4 - m 2 ) - 128) 

Q: 2 m2+4 (2 + m 4 -m 2 )-24 

(iY 4 = 2 m2 + 3 (l+TO 4 -TO 2 )) 

F: 2 m2+5 (2 + m 4 - m 2 ) - 120 
(M 4 = 2 m2+3 (l + m 4 - m 2 )) 

iV = 2 m2+5 (2 + m 4 - m 2 ) - 88 
M = 2 m2+6 (2 + m 4 - m 2 ) - 248 



Since N = Ni + 2iV 2 + N 3 = 2 m2+3 (ll + 5m 4 - 5m 2 ) - 184 and M = 
Mi + 2M 2 + M 3 = 2 m2+4 (ll + 5m 4 - 5m 2 ) - 376, QG is the direct sum of 
N = 2 m2+5 (2 + m 4 -m 2 )-88 fields and N - N = 2 m2+3 (3 + m 4 -m 2 ) -96 
quaternion algebras while FG is the direct sum of Mo = 2 m2+6 (2 + m 4 — 
m 2 ) - 248 fields and M - M = 2 m2+4 (3 + m 4 - m 2 ) - 128 quaternion 
algebras. 

(xii.f) mi = 1, m 2 > 3, m3 > 3, m 4 > 3, s = t\. Because of the symmetry in 
x and y, we may assume that m 2 > m^, but this still leaves three possibili- 
ties. As before, we let f(a, b, c) = |(4 C - 1) + 3(2 c )(2 b - 2 C ) + (a - b)2 h+c + 1 
denote the number of cyclic subgroups of the direct product C 2 a x C 2 b x C 2 c , 
with a> b> c. We also let 

g(a,b, c, d) 

= 15 (8 d - 1) + |(2 d )(4 c - 4 d ) + 3(2 c+d )(2 fe - 2 C ) + (a - b)2 b+c+d + 1 
denote the number of cyclic subgroups in C 2 a x C 2 b x G 2 c x G 2 d , a > b > c > d. 
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We investigate the first case, rri2 > 7773 > 1714, in two steps, supposing first 
that 7712 > "73 > rriA. 

Group No. of Q- and F-classes 

Z(G) 

= G 4 x C2»™2 x C'2™3 x C*2 m 4 JVi = g(m 2 , m 3 , m 4 , 2) 

Mi = 2iVi - 136 

■Z(G)/<*> 

= C 2 x C" 2 "«2 x G 2 ™3 x C 2 "m Q: 2/(m2,m 3 ,m 4 ) 

F: 4/(m2,m3,m 4 ) - 72 

<^(G), *•>/<*> 

= G 2 x C 2 ™ 2 + i x C 2 ™3 x C*2"«4 Q: 2/(m 2 + l,m 3 ,m 4 ) 

(N 2 = 2/(m 2 + 1,7713,7714) - 2/(7712,7713,7714)) 
F: 4/(7712 + 1,7713,7714) - 72 
(M 2 = 2JV 2 ) 

(2(G),y)/< S ) 

= G 2 x C" 2 "«2 x C 2 m 3 +i x G 2 "m Q: 2/(m 2 ,m 3 + l,m 4 ) 

(Afe = 2/(m 2 ,m 3 + 1,7714) - 2/(m 2 , m 3 , m 4 )) 

F: 4/(7712,7773 + 1, 77l 4 ) - 72 

(M 3 = 2JV 3 ) 

(Z{G),xy)/{a) 

= G 2 x C 2m2 +i x C 2 ">3 x G 2 ™4 Q: 2/(m 2 + l,m 3 ,m 4 ) 

(N 4 = AT 2 ) 
F: 4/(7712 + 1,7713,777.4) - 72 
(M 4 = M 2 ) 

G/G' 

= G2 x G 2m2 +i x G 2 m 3 +i x G 2 "m N = 2/(7712 + 1, 7773 + 1, 7714) 

M = 2JV - 72 

Since iV = iVi + 2iV 2 + iV 3 = 5(777,2,7773,7774,2) + 4/(m 2 + 1,7773,7774) + 
2/(7772,7773 + 1,7774) -6/(m 2 , m 3 , m 4 ) = 2 m3+m4 (18+67772 -6777 3 )-|(4 m4 +5) 
and M = Mi + 2M 2 + M 3 = 2iV - 136, QG is the direct sum of 

No = 2 m «+ m4 (12 + 4m 2 - 4m 3 ) - |(4 m4 + 2) 

fields and 

N -N = 2 m3+m4 (6 + 2m 2 - 2m 3 ) - |(4 m4 + 8) 

quaternion algebras while FG is the direct sum of M = 2N — 72 fields and 
M - M = 2(N - N ) — 64 quaternion algebras. 
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NOW Suppose 777-2 = 777,3 > m 4- 

Group No. of Q- and F-classes 

Z(G) 

= G 4 x C2"i2 x C*2">2 x C*2">4 JVi = g(m 2 , m 2 , m 4 , 2) 

Mi = 2iVi - 136 

Z(G)/(s) 

= G2 x C 2 ™2 x C 2 ™2 x C 2 "4 Q: 2/(m 2 ,m 2 ,m 4 ) 

F: 4/(m 2 ,m 2 ,m 4 ) - 72 

<Z(G), *•>/(*> 

= C 2 x C 2m2 +i x C 2 "«2 x C 2 "«4 Q: 2/(m 2 + l,m 2 ,m 4 ) 

(iV 2 = 2/(m 2 + l,m 2 ,m 4 ) - 2/(m 2 , m 2 , m 4 )) 
F: 4/(m 2 + l,m 2 ,m 4 ) - 72 
(M 2 = 2JV 2 ) 

(Z(G),y)/(s) 

= G 2 x G 2 ™ 2 x G 2 ™ 2 +i x C 2 "m Q: 2/(m 2 + l,m 2 ,m 4 ) 

(JVs = JVa) 
F: 4/(m 2 + l,m 2 ,m 4 ) - 72 
(M 3 = 2iV 2 ) 

(2(G), 

= G 2 x C 2m2 +i x G 2 ™ 2 x G 2 ™ 4 Q: 2/(m 2 + l,m 2 ,m 4 ) 

(JV 4 = JVa) 
F: 4/(m 2 + l,m 2 ,m 4 ) - 72 
(M 4 = M 2 ) 

G/G' 

= G 2 x G 2m2 +i x G 2m2 +i x G 2 ">4 N = 2/(m 2 + 1, m 2 + 1, m 4 ) 

M = 2% - 72 



Here, we have N = N± + 3iV"2 = g(m2, ^2, "74, 2) + 6/(7772 + 1, 7772, 7774) — 
6/(7772,7772,7774) = 18(2 m2+m4 ) - §(4 m4 + 5) and M = Mi + 2M 2 + M 3 = 
2N — 136, so QG is the direct sum of 

N = 12(2 m2+m4 ) - |(4 m4 +2) 

fields and 

N — Nq = 6(2 m2+m4 ) - |(4 m4 + 8) 

quaternion algebras, while FG is the direct sum of Mo = 2iVo — 72 fields 
and M — Mq = 2(N — Nq) — 64 quaternion algebras. 
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The case 777,4 > fni > ?nz we again split into several subcases, considering 
the possibility 7774 > 7772 > 7773 first. 

Group No. of Q- and F-classcs 

Z(G) 

= G 4 x C" 2 "«2 x x C 2 "m JVi = 5(m 4 ,m 2 , m 3 , 2) 

Mi = 2iVi - 136 

Z(G)/(s) 

= G 2 x C" 2 "«2 x G 2 ™ 3 x G 2 ™ 4 Q: 2/(m4,m2,m 3 ) 

F: 4/(m4,m 2 ,m 3 ) - 72 

<2(G), *•>/<*> 

= G 2 x G 2 „« 2 + i x C 2 "«3 x C 2 m 4 Q: 2/(m 4 ,m 2 + l,m 3 ) 

(iV 2 = 2/(m 4 , m 2 + 1, m 3 ) - 2/(m 4 , m 2 , m 3 )) 
F: 4/(m 4 ,m 2 + l,m 3 ) - 72 
(M 2 = 2iV 2 ) 



(Z(G),y)/{s) 

= G 2 x G 2 ™ 2 x G 2 ™ 3 +i x G 2 ™ 4 Q : 2/(m 4 , m 2 , m 3 + 1) 

(iV 3 = 2/(m 4 ,m 2 ,m 3 + 1) - 2/(m 4 , m 2 , m 3 )) 
F: 4/(m 4 ,m 3 + l,m 2 ) - 72 
(M 3 = 2iV 3 ) 

(Z(G),xy)/(s) 

= G 2 x C 2m2 +i x C 2 m 3 x C 2 "m Q: 2/(m 4 ,m 2 + l,m 3 ) 

(N 4 = iV 2 ) 
F: 4/(m 4 ,m 2 + l,m 3 ) - 72 
(M 4 = M 2 ) 

G/G' 

= G 2 x G 2m2 +i x G 2 m 3 4-i x G 2 ™ 4 N = 2/(m 4 , m 2 + 1, m 3 + 1) 

M = 2JV - 72 

Since N = N± + 2N 2 + N3 = g(m^m 2 ,m 3 ,2) + Af(m i ,m 2 + l,m 3 ) + 

2/(7774, "72, 7773 + 1) -6/(7774, 7772, "7 3 ) = 2 m2+m3 (22 + 10777 4 -107772)-f (4™ 3 + 

2) and M = Mi + 2M 2 + M 3 = 2iV - 136, QG is the direct sum of 
iV = 2 m2+m3 (16 + 87774 - 8t77 2 ) - §[2(4" t3 ) + 1] 

fields and 

N — N = 2 m2+m3 (6 + 2t77 4 - 2t77 2 ) - |(4 m3 + 8) 

quaternion algebras, while FG is the direct sum of Mo = 2Nq — 72 fields 
and M — Mq = 2(N — Nq) — 64 quaternion algebras. 
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NOW Suppose 1714 > = "T-3- 

Group No. of Q- and F-classes 

Z(G) 

= C 4 x C 2 ™ 2 x C*2">2 x C*2">4 Ni = g(m 4 , m 2 , m 2 , 2) 

Mi = 2iVi - 136 

Z(G)/(s) 

= C 2 x C 2 ™2 x C 2 ™2 x C 2 m 4 Q: 2/(m 4 ,m 2 ,m 2 ) 

F: 4/(m 4 ,m 2 ,m 2 ) - 72 

<Z(G), *•>/<*> 

= G 2 x C 2m2 +i x C 2 "«2 x C 2 "«4 Q: 2/(m 4 ,m 2 + l,m 2 ) 

(iV 2 = 2/(m 4 ,m 2 + l,m 2 ) - 2/(m 4 , m 2 , m 2 )) 
F: 4/(m 4 ,m 2 + l,m 2 ) - 72 
(M 2 = 2JV 2 ) 

(Z(G),y)/{s) 

= C 2 x C 2 ™ 2 x G 2 ™ 2 +i x C 2 "m Q : 2/(m 4 , m 2 + 1, m 2 ) 

(JVs = JVa) 
F: 4/(m 4 ,m 2 + l,m 2 ) - 72 
(M 3 = M 2 ) 

(Z(G),xy)/(s) 

= C 2 x C 2m2 +i x G 2 ™ 2 x G 2 ™ 4 Q: 2/(m 4 ,m 2 + l,m 2 ) 

(JV 4 = AT 2 ) 
F: 4/(m 4 ,m 2 + l,m 2 ) - 72 
(M 4 = M 2 ) 

G/G' 

= G 2 x C 2m2 +i x C 2m2 +i x C 2 "m N = 2/(m 4 , m 2 + 1, m 2 + 1) 

M = 2% - 72 



In this situation, we have N = N1+3N2 = g{m\, rri2,m2, 2)+6/(m4, m2 + 
l,m 2 ) - 6/(m 4 ,m 2 ,m 2 ) = 4 m2 (10m 4 - 10m 2 ) + |[23(4 m2 ) - 20] and M = 
Mi + 2M 2 + M 3 = 2N - 136, QG is the direct sum of 

iV = 2f(m 4 , m 2 + 1, m 2 + 1) = 4 m2 (8m 4 - 8m 2 ) + | [8(4 m2 ) - 2] 

fields and 

N -N = 4" t2 (2m 4 - 2m 2 ) + |[7(4 m2 ) - 16] 

quaternion algebras while FG is the direct sum of Mq = 2Nq — 72 fields and 
M - M = 2(N - N ) — 64 quaternion algebras. 
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Suppose 1714 = W-2 > ?™3- 

Group No. of Q- and F-classes 

Z(G) 

= C4 x G 2 ™ 2 x C 2 m 3 x G 2 ™ 2 Ni = g{m 2 , m 2 , m 3 , 2) 

Mi = 2iVi - 136 

2(G)/{ S ) 

= G 2 x C 2 ™2 x C 2 "»3 x C 2 m 2 Q: 2/(m 2 ,m 2 ,m 3 ) 

F: 4/(m 2 ,m 2 ,m 3 ) - 72 

(-Z(G), *>/<«> 

= G 2 x C 2m2 +i x C 2 "«3 x C 2 "«2 Q: 2/(m 2 + l,m 2 ,m 3 ) 

(iV 2 = 2/(m 2 + l,m 2 ,m 3 ) - 2/(m 2 , m 2 , m 3 )) 
F: 4/(m 2 + l,m 2 ,m 3 ) - 72 
(M 2 = 2Af 2 ) 

(Z(G),y)/(s) 

= C 2 x C 2 "«2 x C 2m3 +i x C 2 "«2 Q: 2/(ra 2 ,m 2 ,m 3 + 1) 

(iV 3 = 2/(m 2 ,m 2 ,m 3 + 1) - 2/(m 2 , ra 2 , m 3 )) 
F: 4/(m 2 ,m 2 ,m 3 + 1) - 72 
(M 3 = 2iV 3 ) 

(2(G), 

= C 2 x G 2m2 +i x G 2 m 3 x G 2 ™ 2 Q: 2/(m 2 + l,m 2 ,m 3 ) 

(JV 4 = JVa) 
F: 4/(m 2 + l,m 2 ,m 3 ) - 72 
(M 4 = M 2 ) 

G/G' 

= G 2 x G 2m2 +i x G 2 m 3 +i x G 2 ™ 2 N = 2/(m 2 + l,m 2 ,m 3 + 1) 

M = 2% - 72 

Since iV = + 2N 2 + iV 3 = g(m 2 ,m 2 ,m 3 ,2) + 4/(m 2 + l,m 2 ,m 3 ) + 
2/(m 2 , m 2 , m 3 + 1) - 6/(m 2 , m 2 , m 3 ) = 22(2 m2+m3 ) - f (4 m3 + 2) and M = 
Mi + 2M 2 + M 3 = 2N - 136, QG is the direct sum of 

Nq = 2/(m 2 + l,m 2 ,m 3 + 1) = 16(2 m2+m3 ) - |[2(4 m3 ) + 1] 

fields and 

N — Nq = 6(2 m2+ma ) - |(4 m3 + 8) 

quaternion algebras while FG is the direct sum of Mq = 2N$ — 72 fields and 
M - M = 2(N - N ) - 64 quaternion algebras. 



SEMISIMPLE GROUP (AND LOOP) ALGEBRAS OVER FINITE FIELDS* 77 

Suppose 777-4 = TU2 = 7773. 

Group No. of Q- and F-classes 

Z(G) 

= C4 x G 2 ™ 2 x C*2">2 x G 2 ™ 2 Ni = g(m 2 , m 2 , m 2 , 2) 

Mi = 2iVi - 136 

2(G)/{ S ) 

= G 2 x C 2 ™ 2 x C 2 ™ 2 x C 2 ™ 2 Q: 2/(m 2 ,m 2 ,m 2 ) 

F: 4/(m 2 ,m 2 ,m 2 ) - 72 

(Z(G), *•>/<*> 

= G 2 x C 2m2 +i x C 2 "«2 x C 2 "«2 Q: 2/(m 2 + l,m 2 ,m 2 ) 

(N 2 = 2/(m 2 + l,m 2 ,m 2 ) - 2/(m 2 , m 2 , m 2 )) 
F: 4/(m 2 + l,m 2 ,m 2 ) - 72 
(M 2 = 2N 2 ) 

(Z(G),y)/(s) 

= C 2 ">2 x C 2 ™ 2 + i x C 2 ">2 Q: 2/(m 2 + l,m 2 ,m 2 ) 

(JVs = JV2) 
F: 4/(m 2 + l,m 2 ,m 2 ) - 72 
(M 3 = M 2 ) 

(2(G), xy)/(s) 

= G 2 x G 2m2 +i x G 2 ™ 2 x G 2 ™ 2 Q: 2/(m 2 + l,m 2 ,m 2 ) 

(JV 4 = JVa) 
F: 4/(m 2 + l,m 2 ,m 2 ) - 72 
(M 4 = M 2 ) 

G/G' 

= G 2 x G 2 „, 2 +i x G 2 ™ 2 +i x G 2 ">2 iV = 2/(m 2 + 1, m 2 + 1, m 2 ) 

M = 2N Q - 72 



Here, we have N = N\ + 3iV"2 = g{m2, ™>2, "72 j 2) + 6/(7772 + 1, 7772, 7772) — 
6/(7772,7772, ma ) = |[23(4 m2 ) - 20 and M = Mi + 2M 2 + M 3 = 2iV - 136, 
QG is the direct sum of 

N = 2/(7772 + l,m 2 + l,m 2 ) = |(4 m2+1 - 1) 

fields and 

N -N = §[7(4 ma ) - 16] 

quaternion algebras, while FG is the direct sum of Mq = 2Nq — 72 fields 
and M — Mq = 2(N — Nq) — 64 quaternion algebras. 
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We investigate the final case, rri2 > 7774 > 777,3, first supposing 7772 > 7774 > 
7773. 

Group No. of Q- and F-classes 

Z(G) 

= C 4 x G'2™2 x C'2™3 x C*2 m 4 JVi = g(m 2 , m 4 , m 3 , 2) 

Mi = 27V! - 136 

Z(G)/(s) 

= C 2 x C" 2 "«2 x x C 2 "m Q: 2/(m2,m 4 ,m 3 ) 

F: 4/(m 2 ,m 4 ,m 3 ) - 72 

<^(G), *•>/<*> 

= C 2 X C 2 ™ 2 + 1 X C 2 "«3 X C*2"«4 Q: 2/(7712 + 1, 7714,7773 ) 



(N 2 = 2/(m 2 + 1,7714,7713) - 2/(7712,7714,7713)) 
F: 4f(rn 2 + l,m 4 ,m 3 ) - 72 
(M 2 = 2JV 2 ) 



{Z(G),y)/{a) b 
= C 2 x C" 2 "«2 x C 2 m 3 +i x C 2 "m Q: 2/(m2,m 4 ,m 3 + 1) 

(N 3 = 2/(m2,m 4 ,m 3 + 1) - 2/(7712,7714,7713)) 
F: 4/(m 2 ,m 4 ,m 3 + 1) - 72 
(M 3 = 2JV 3 ) 

(Z{G),xy)/{a) 

= C 2 x C 2m2 +i x C 2 ">3 x C 2 "m Q: 2/(m 2 + l,m 4 ,m 3 ) 

(JV 4 = N 2 ) 
F: 4/(7712 + l,m 4 ,m 3 ) - 72 
(M 4 = M 2 ) 

G/G' 

= C 2 X C 2m2 + 1 X C 2 m 3 +l X C 2 ">4 iV = 2/(7712 + 1, fn 4 , m 3 + 1) 

M = 2iVo - 72 

Since iV = Aq + 2iV 2 + N 3 = g(m 2 , m A , m 3 , 2) + 4/(tt7 2 + 1, 7774, m 3 + 1) + 
2/(m 2 , m 4 , 7773+l)-6/(m 2 , 7774,7773) = 2 m3+m4 (22+6777 2 -67774) -f (4™ 3 +2) 
and M = Mi + 2M 2 + M 3 = 2iV - 136, QG is the direct sum of 

N = 2f(m 2 + 1,7774,7773 + 1) = 2 m3+m4 (16 + 4tt7 2 - 4m 4 ) + |[2(4 ma ) + 1] 

fields and 

N-N = 2" t3+m4 (14 + 4tt7 2 - 4m 4 ) - f (4 m3 + 2) 

quaternion algebras, while FG is the direct sum of M = 2N — 72 fields 
and M — Mq = 2(N — Nq) — 64 quaternion algebras. 
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We conclude this long investigation of small cases with the supposition 

777-2 > 777,4 = 777,3. 

Group No. of Q- and F-classes 

Z(G) 

= Ca x C 2 "'2 x x C 2 '«3 Ni = g(m 2 ,m 3 ,m 3 ,2) 

Mi = 27Vi - 136 

Z(G)/(s) ^C 2 x C 2 m,_ x C 2 m 3 x C 2 ™ 3 Q: 2/(m 2 ,m 3 ,m 3 ) 

F: 4/(to2, m.3, m.3) - 72 

(Z(G), !>/(«) 

= C 2 x C 2 m 2 + i x C* 2 "«3 x C 2 m 3 Q: 2/(m 2 + l,m 3 ,m 3 ) 

(iV 2 = 2/(m 2 + 1,777,3,777,3) - 2/(m 2 , 7773, m 3 )) 
F: 4/(7772 + 1,7773,7773) - 72 
(M 2 = 2iV 2 ) 



(Z(G),y)/(s) 

= C 2 X C 2 »*2 X C 2 m 3 +1 X C 2 ™ 3 Q: 2/(777 2 , 777-3 + 1, 777-3) 

(JV3 = 2/(m 2 ,m 3 + 1,7773) - 2/(m 2 , 7773, m 3 )) 
F: 4/(m 2 ,m 3 + 1,7773) - 72 
(Af a = 2%) 

(Z(G),xy)/(s) 

= C 2 X C 2 m 2 +1 X C 2 n«3 X C 2 m 3 Q: 2/(777 2 + l,m 3 ,7n 3 ) 

(iV 4 = N 2 ) 

F: 4/(777 2 + l,7773,r77 3 ) - 72 

(M 4 = M 2 ) 

G/G" 

= G 2 X C 2m2 + 1 X C 2 m 3 +1 X C 2 ™ 3 A^o = 2/(7772 + 1, 7773 + 1, m.3) 

Mo = 2N - 72 

Since N = N 1 + 2N 2 + N 3 = g(m 2 ,m 3 ,m 3 , 2) + 4/(m 2 + 1, m 3 + 1, 7773) + 
2/(m 2 , 777 3 + 1, m 3 ) - 6/(777,2,777,3,7773) = 4 m3 (6m 2 - 6m 3 ) + §[23(4 m3 - 20) 
and M = Mi + 2M 2 + M 3 = 2N - 136, QG is the direct sum of 

N = 2f(m 2 + 1, m 3 + 1, ma) = 4" 13 (4m 2 - 4m 3 ) + §(4 m3+1 - 1) 

fields and 

N -N = 4 m3 (2m 2 - 2m 3 ) + §[7(4 m3 ) - 16] 

quaternion algebras while FG is the direct sum of Mq = 2Nq — 72 fields and 
M — Mo = 2(N — Nq) — 64 quaternion algebras. 

Finally we move to the general situation where all m, > 3. Recall that 
G = Go x (£4} with Go a group from class P5. Lemma 19. II allows to us to 
determine the number N\ of Q-classes of 2(G) = C 2 ™-\ x G2 m 2 x G2 m 3 x C 2 m 4. , 
while Lemmas 12.51 and 19.11 give us the numbers N 2 , N 3 and N± of Q-classes 
involving x, y, and xy, respectively. Thus QG has N = N\ + N 2 + N 3 + N4 
simple components. Now G/G' = (ii) x (x) x (y) x (t 4 ) = C 2 m 1 -i x G 2 m 2 +i x 
G2 m 4- Lemma 19.11 provides the formula for Nq, the number of 
cyclic subgroups of this group, which is also the number of fields in the 
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commutative part of QG. We conclude that QG is the direct sum of Nq 
fields and N — No quaternion algebras. 

Let q = 3 (mod 8) be a positive integer and let F be the finite field 
of order q. The cyclic subgroups of the centre of G that are generated by 
elements of order at most 4 are contained in G4 x G4 x G4 x G4 and Lemma f9.ll 
tells us there are 136 of these. By Lemma 12.21 we conclude that 136 of the 
Q-classes of 2(G) are also F-classes while the remaining Ni — 136 Q-classes 
split into two F-classes. This gives M x = 136 + 2(N X - 136) = 2iVi - 136 
F-classes. 

Similar reasoning shows us that the numbers of F-classes involving x, y 
and xy are, respectively, M 2 = 2N 2 , M 3 = 2N 3 and M 4 = 2N 4 . In all, G 
contains M = M 1 + M 2 + M 3 + M 4 = 2N - 136 F-classes, so FG is the 
direct sum of 2N — 136 simple components. Of the Nq Q-classes in G/G' , 
136 are also F-classes while the remaining iVo — 136 Q-classes each split into 
two F-classes. It follows that the commutative part of FG is the direct sum 
of M = 136 + 2(N Q - 136) = 2iV - 136 fields. 

Theorem 9.2. Let Gq be a group of type T>^ and let G = Gq x (£4) with 
a centre the direct product of four cyclic groups of orders 2 mi , 2 m2 , 2 ms , 
2 m4 , respectively, with mi > 3 ; m<i > 3 ; m 3 > 3, 7714 > 3. Denote by N\, 
N 2 , N 3 , the number of cyclic subgroups of 2(G) and the numbers of 
Q-classes involving x, y and xy, respectively. (Note that these numbers can 
be determined by Lemma \9.1\ and Lemma \2.b\ ) Let N = N± + N2 + N 3 + ./V4 
and let Nq be the number of cyclic subgroups of G/G' . Then QG is the 
direct sum of Nq fields and N — Nq quaternion algebras. Let K a finite field 
of order q. Then there are least M = 2N — 136 simple components in the 
Wedderburn decomposition of KG. This minimal number is realized ifq = 3 
(mod 8), in which case KG is the direct sum of Mq = 2Nq — 136 fields and 
M — Mq = 2(N — Nq) quaternion algebras, each necessarily a 2 x 2 matrix 
ring. 
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